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Abstract. Stutter invariant properties play a special role in state-based
model checking: they are the properties that can be checked using par-
tial order reduction (POR), an indispensable optimization. There are
algorithms to decide whether an LTL formula or Biichi automaton (BA)
specifies a stutter-invariant property, and to convert such a BA to a form
that is appropriate for on-the-fly POR-based model checking.

The interruptible properties play the same role in action-based model
checking that stutter-invariant properties play in the state-based case.
These are the properties that are invariant under the insertion or deletion
of “invisible” actions. We present algorithms to decide whether an LTL
formula or BA specifies an interruptible property, and show how a BA
can be transformed to an interrupt normal form that can be used in an
on-the-fly POR algorithm. We have implemented these algorithms in a
new model checker named MCRERS, and demonstrate their effectiveness
using the RERS 2019 benchmark suite.

1 Introduction

To apply model checking to a concurrent system, one must formulate properties
that the system is expected to satisfy. A property may be expressed by specifying
acceptable sequences of states, or by specifying acceptable sequences of actions—
the events that cause the state to change. Each approach has advantages and
disadvantages, and in any particular context one may be more appropriate than
the other.

In the state-based context, there is a rich theory involving automata, logic,
and reduction for model checking. Some of the core ideas in this theory can be
summarized as follows. First, the behavior of the concurrent system is repre-
sented by a state-transition system 7'. One identifies a set AP of atomic proposi-
tions, and each state of T is labeled by the set of propositions which hold at that
state. An execution passes through an infinite sequence of states, which defines
a trace, i.e., a sequence of subsets of AP. A property is a set of traces, and T
satisfies the property if every trace of T is in P.

Properties may be specified by formulas in a temporal logic, such as LTL [21].
There are algorithms (e.g., [31]) to convert an LTL formula ¢ to an equivalent
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Biichi automaton (BA) By with alphabet 2AP. (Properties may also be specified
directly using BAs.) The system T satisfies ¢ if and only if the language of the
synchronous product 7' ® B-4 is empty. The emptiness of the language can be
determined on-the-fly, i.e., while the reachable states of the product are being
constructed.

A property P is stutter-invariant if it is closed under the insertion and dele-
tion of repetitions, i.e., sgs1--- € P < s(i)0 Szf -+ € P holds for any positive inte-
gers ig, i1, - - - . Many algorithms are known for deciding whether an LTL formula
or a BA specifies a stutter-invariant property [17,[19]. There is also an argument
that only stutter-invariant properties should be used in practice. For example,
suppose that a trace is formed by sampling the state of a system once every
millisecond. If we sample the same system twice each millisecond, and there
are no state changes in the sub-millisecond intervals, the second trace will be
stutter-equivalent to the first. A meaningful property should be invariant under
this choice of time resolution.

Stutter-invariant properties are desirable for another reason: they admit
the most significant optimization in model checking, partial order reduction
(POR, [10,/18,)20]). At each state encountered in the exploration of the product
space, an on-the-fly POR scheme produces a subset of the enabled transitions.
Restricting the search to the transitions in those subsets does not affect the
language emptiness question. Recent work has revealed that the BA must have
a certain form—*“SI normal form”—when POR is used with on-the-fly model
checking, but any BA with a stutter-invariant language can be easily trans-
formed into SI normal form [22].

The purpose of this paper is to elaborate an analogous theory for actions. We
call the class of properties in the action context that are analogous to the stutter-
invariant properties in the state context the interruptible properties (Section.
These properties are invariant under “action stuttering” [28], i.e., the insertion
or deletion of “invisible” actions. We present algorithms for deciding whether an
LTL formula or a BA specifies an interruptible property (Theorems [1{and ; to
the best of our knowledge, these are the first published algorithms for deciding
this property of formulas or automata.

Interruptible properties play the same role in action-based POR that stutter-
invariant properties play in state-based POR. In particular, we present an action-
based on-the-fly POR algorithm that works for interruptible properties (Section
. As with the state-based case, the algorithm requires that the BA be in a
certain normal form. We introduce a novel interrupt normal form (Def.
for this purpose, and show how any BA with an interruptible language can be
transformed into that form. The relation to earlier work is discussed in Section
The effectiveness of these reduction techniques is demonstrated by applying
them to problems in the 2019 RERS benchmark suite (Section [6]).



Action-Based Model Checking: Logic, Automata, and Reduction 3

2 Preliminaries

Let S be a set. 2% denotes the set of all subsets of S. S* denotes the set of
finite sequences of elements of S; S the infinite sequences. Let { = sgs1--- be
a (finite or infinite) sequence and i > 0. If ¢ is finite of length n, assume i < n.
Then ((7) denotes the element s;. For any ¢ > 0, ¢* denotes the suffix SiSit1 -
(¢* is empty if ¢ is finite and i > n).

For ( € S* and n € S* U S¥, ( on denotes the concatenation of ¢ and 7.

If S C T and 7 is a sequence of elements of T, n|s denotes the sequence
obtained by deleting from 7 all elements not in S.

2.1 Linear Temporal Logic
Let Act be a universal set of actions. We assume Act is infinite.
Definition 1. Form (the LTL formulas over Act) is the smallest set satisfying:

— true € Form,
— if a € Act then a € Form, and
— if f and g are in Form, so are —=f, f A g, Xf, and fUg.

Additional operators are defined as shorthand for other formulas: false = —true,

[Va==(=)Aa) [ =g = (=) Vg Ff = trueUf, Gf = -F-f, and
fWg=(fUg)VG/. =

Definition 2. The alphabet of an LTL formula f, denoted af, is the set of
actions that occur syntactically within f. a

Definition 3. The action-based semantics of LTL is defined by the relation
¢ Ea f, where ¢ € Act” and f € Form, which is defined as follows:

7<):Atrue7
- C):Aalﬁ‘C(O):aa
- C):Aﬁfiffc%/xfa

_C):AngiffC':Afandg):Aga
—C)ZAXfiHCl Fa f, and
fC):AngiﬂﬂiZO.(Ci':Ag/\VjGO..i—l.Cj':Af). O

When using the action-based semantics, the logic is sometimes referred to as
“Action LTL” or ALTL [7}§].

The state-based semantics is defined by a relation ¢ |= f, where & € (2A)«,
The definition of |, is well-known, and is exactly the same as Definition
except that € =5 a iff a € £(0). The action semantics are consistent with the
state semantics in the following sense. Let f € Form, and ( = agay - - - € Act”. Let
¢ ={ao}{ar} - € (22, Then ( |=, f iff € =5 f. The main difference between
the state- and action-based formalisms is that in the state-based formalism,
any number of atomic propositions can hold at each step. In the action-based
formalism, precisely one action occurs in each step.



4 Stephen F. Siegel and Yihao Yan

Definition 4. Let f, g € Form. Define

— (action equivalence) f =, g if (( s f & (FEag) for all ¢ € Act”
— (state equivalence) f = g if (€ s f < € |z g) for all £ € (28w, O

The following fact about the state-based semantics can be proved by induc-
tion on the formula structure:

Lemma 1. Let f € Form and £ = sps1 -+ € (2%, Let &' = ss} -+, where

s;=afNs;. Then & s fiff &' s f.

The following shows that action LTL, like ordinary state-based LTL, is a
decidable logic:

Proposition 1. Let f,g € Form, A =af Uag, and

h=G[(A\-a)vV (an A )]

acA acA beA\{a}

Then f =9 < fAh=sgAh. In particular, action equivalence is decidable.

Proof. Note the meaning of h: at each step in a state-based trace, at most one
element of A is true.

Suppose f Ah =5 g Ah. Let ( = apay--- € Act”. Let € = {ag}{ar1}---. We
have £ = h. By the consistency of the state and action semantics, we have

C':Af<:>g':sfﬁg':sf/\hﬁg):sg/\hﬁg':sg@C):Ag»

hence f =, g.

Suppose instead that f =, g. We wish to show £ =5 fAR & €= gAh for
any & = 5951 -+ - € (2A)«. By Lemma it suffices to assume s; C A for all i.

Let 7 be any element of Act\ A. (Here we are using the fact that Act is
infinite, while A is finite.) If |s;| > 1 for some 4, then & violates h and therefore
violates both f A h and g A h. So suppose |s;| < 1 for all 4, which means £ |=; h.
Let ¢ = apay - -, where a; is the sole member of s; if |s;| = 1, or 7 if |s;] = 0.
By Lemmall] £ = f iff {ao}{a1}--- s f. By the consistency of the action and
state semantics, this is equivalent to ¢ =, f. A similar statement holds for g.
Hence

EEsfAh & EEsf o (Raf e (Fig e {Fsg e {FsgAh

The proposition reduces the question of action equivalence to one of ordinary
(state) equivalence of LTL formulas, which is known to be decidable ( [21], see
also [30, Thm. 24]). O

Definition 5. For A C Act and f € Form with af C A, let
L(f,A)={Ce A |CE [} 0
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2.2 Biichi Automata

Definition 6. A Biichi Automaton (BA) over Act is a tuple (S, %, —, S% F)
where

S is a finite set of states,

X, the alphabet, is a finite subset of Act,

—C § x X x S is the transition relation,

S0 C S is the set of initial states, and

F C S is the set of accepting states. O

Gk L

We will use the following notation and terminology for a BA B. The source of
a transition (s, a, s') is s, the destination is s, and the label is a. We write s = s
as shorthand for (s,a,s’) €—, and s 2% o/ for 3s1,50,...5, € S .5
$1 2 9.8y 2 s’ . Forae Aand s €S, we say a is enabled at s if s = s’
for some s’ € S. The set of all actions enabled at s is denoted enabled(B, s).

For s € S, a path in B starting from s is a (finite or infinite) sequence 7 of
transitions such that (1) if 7 is not empty, the source of w(0) is s, and (2) the
destination of m(7) is the source of 7(i + 1) for all ¢ for which these are defined.
If 7 is not empty, define first(m) to be s; if 7 is finite, define last(7) to be the
destination of the last transition of m. We say m spells the word agay - - -, where
a; is the label of (7).

An infinite path is accepting if it visits a state in F' infinitely often. An
(accepting) trace starting from s is a word spelled by an (accepting) path starting
from s. An (accepting) trace of B is an (accepting) trace starting from an initial
state. The language of B, denoted L(B), is the set of all accepting traces of B.

Proposition 2. There is an algorithm that consumes any finite subset A of Act
and an f € Form with af C A, and produces a BA B with alphabet A such that
L(B) = L(f,A).

Proof. There are well-known algorithms to produce a BA C with alphabet 24
which accepts exactly the words satisfying f under the state semantics (e.g.,
[31]). Let B be the same as C, except the alphabet is A and there is a transition

. . . o . a .
s = s’ in B iff there is a transition s Q s’ in C. We have

apy -+ € [,(B) = {ao}{al} e E E(C)
& {aoH{ar}-- = f

= a0a1~-~€£(f7A). O

In practice, tools that convert LTL formulas to BAs produce an automaton
in which an edge is labeled by a propositional formula ¢ over af. Such an edge
represents a set of transitions, one for each P C A for which ¢ holds for the
valuation that assigns true to each element of P and false to each element of
A\ P. In this case, the conversion to B entails creating one transition for each
a € A for which ¢ holds when true is assigned to a and false is assigned to all
other actions.
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Definition 7. Let B; = (S;, Xy, —:,SY, F;) (i = 1,2) denote two BAs over Act.
The parallel composition of By and Bs is the BA

B1 || B2 = (Sl X 52,21 U227_>7S? X S(Q),Fl X FQ),

where — is defined by
Sli>18/1 (L¢22 521>25’2a¢21 Sli>18/1 821>28/2

. 0
(s1,82) = (sh,52)  (s1,82) = (s1,5h) (s1,82) = (s}, 5h)

If we flatten all tuples (e.g., identify (S; x S2) x S3 with Sy x Sz x S3) then
|| is an associative operator.

Note that in the special case where the two automata have the same alphabet
(X = X5), every action is synchronizing, and the parallel composition is the
usual “synchronous product.” In this case, L(B; || B2) = L(B1) N L(B3).

2.3 Labeled Transition Systems

Definition 8. A labeled transition system (LTS) over Act is a tuple (Q, 4, —, ¢°)
for which (Q, A, —,{¢"}, Q) is a BA over Act. In other words, it is a BA in which
all states are accepting and there is only one initial state. a

Definition 9. Let M be an LTS with alphabet A, and f an LTL formula with
af C A We write M = f if L(M) C L(f, A). O

The following observation is the basis of the automata-theoretic approach to
model checking (cf. [30, §4.2]):

Proposition 3. Let M be an LTS with alphabet A and f an LTL formula with
af C A. Let B be a BA with L(B) = L(—f,A). Then M = f < L(M || B) = 0.

Proof. M and B have the same alphabet, so L(M || B) = L(M) N L(B), hence
LM || B) = LIM) N L(=f, A) = LIM) 0 (A% \ L(f, A)) = LIM) \ L(f, A).
This set is empty iff L(M) C L(f, A). O

There are various algorithms to determine language emptiness of a BA; in this
paper we will use the well-known Nested Depth First Search (NDFS) algorithm
2.

3 Interruptible Properties

An LTS comes with an alphabet, which is a subset A of Act. By a property over
A we simply mean a subset P of A“. We say a trace { € A satisfies P if ( € P.
We have already seen two ways to specify properties. An LTL formula f with
af C A specifies the property L£(f, A). A Biichi automaton B with alphabet A
specifies the property £(B). We next define a special class of properties:
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Definition 10. Given sets V' C A C Act, we say a property P over A is V-
interruptible if

Clv=nlyv=eP < nebP) for all (,n € A%.

An LTL formula f is V-interruptible if L(f,Act) is V-interruptible. We say f is
interruptible if f is «f-interruptible. The set of all interruptible LTL formulas
is denoted Intrpt. O

The set V is known as the wvisible set. The definition essentially says that the
insertion or deletion of invisible actions (those in A\ V') has no bearing on whether
a trace satisfies P. Put another way, the question of whether a trace belongs to
P is determined purely by its visible actions. The following collects some basic
facts about interruptibility. All follow immediately from the definitions.

Proposition 4. Let V C A C Act, P C A¥ and f,g € Form. Then all of the
following hold:

1. P is A-interruptible.

2. If P is V-interruptible, and V C V', then P is V'-interruptible.

3. If f is interruptible and of C A, then L(f, A) is af-interruptible.

4. f is interruptible iff the following holds:

V¢n € Act” . (Clag =nlag ACEA ) = nEa f
5. If af = ag and f =, g then f is interruptible iff g is interruptible.

Lemma 2. Suppose V.C A C Act and Py and Py are V -interruptible properties
over A. Let F=V* U V*o (A\V)¥. Then P, =P, iff LNF = P,NF.
Proof. Assume Py N F = P, N F. Let ¢ € Py. If {|y is infinite, then since
Clvlv = ¢|v, and Py is V-interruptible, (|y € P;. But {|y € V¥, so |y € PINF,
and therefore |y € Py. Since Py is V-interruptible, ¢ € Ps.

If ¢|v is finite, there is a prefix 6 of ¢ such that ( =60 on, with n € (V' \ A)~.
Let € = 0|y on. We have £ € V* o (A\ V)* and {|v = (|v, hence £ € P, N F.
Therefore £ € P», and since Ps is V-interruptible, ¢ € Ps. O

The elements of F are known as the V-interrupt-free words over A.

3.1 Decidability of Interruptibility of LTL Formulas

We next show that interruptibility is a decidable property of LTL formulas.
Define intrpt: Form — Form as follows. Given f € Form, let V = af and V =
V,ev @, and define 3: Form — Form by

B(true) = true

B(a) = (-V)Ua
B(=f1) = ~B(f1)
B(f1 A f2) = B(f1) A B(f2)
BXf1) = ((-V)UWV AXB(f1))) V ((G-V) AXB(f1))
B(1Uf2) = B(f1)UB(f2).
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for a € Act and f1, fo € Form. Let intrpt(f) = B(f).
Theorem 1. Let f be an LTL formula over Act. The following hold:

1. intrpt(f) is interruptible.
2. f is interruptible iff intrpt(f) =a f.

In particular, interruptibility of LTL formulas is decidable.

Before proving Theorem [1| we give some intuition regarding the definition of
intrpt. Function £ can be thought of as consuming a property on V-interrupt-free
words (i.e., words in V¥ UV* o (A \ V)¥) and extending it to a property on all
words (A%). It is designed so that (g) is V-interruptible and agrees with g on
V-interrupt-free words. For example, the formula a means “a is the first action”
(in an interrupt-free word), which extends to the property “a is the first visible
action” (in an arbitrary word). The formula X f; states “f; holds after removing
the first action,” so 8(X f1) should declare “3(f1) holds after removing the prefix
ending in the first visible action.” That is almost correct, but there is also the
possibility that an element of A“ has no visible action, which is the reason for
the second clause in the definition of 5(X f1).

The remainder of this section is devoted to the proof of Theorem [I} First
note that intrpt(f) and f have the same alphabet, i.e., aintrpt(f) = V.

Proof of part 1. Say a subformula g of f is good if 8(g) is V-interruptible, i.e.,

V¢, n e Act” . Cly =nlv = (C =i Blg) & n k=i B(9).

We show by induction on formula structure that every subformula of f is good.
The case g = f will show that intrpt(f) is interruptible. Assume throughout that

Clv =mnlv.

If g = true then (g) = true, so g is clearly good.

If g = a for some a € Act, then ¢ =, S(g) = (—V)Ua iff ¢|y is non-empty
and first(¢]y) = a. Since this depends only on (|, g is good.

If g = —f1 and f; is good, then g is good because

CEaBlg) & CHaB(f1) & nlEB(N1) & nEaBlg)
If g = fi A f2, and f; and fo are good, then g is good because

CEaBlg) & ClaB(fi) A ClaB(f2)
& nkEaBf) AnlEaBf2) & nl=aBl9)

Suppose g = X f; and f; is good. There are two cases:
— Case 1: (|y is empty. Then no suffix of ¢ or 7 satisfies V. Hence

0= Blg) & 0 XB(f) & 01 B(f) (0 €{Cn).

Moreover, ¢ty = nt|y (as both are empty), and B(f1) is good, so we have

¢'Ea B(f1) & n' k= B(f1). These show ¢ =4 B(g) < 1 k=4 B(g)-
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— Case 2: |y is nonempty. Let ¢ be the index of the first occurrence of an
element of V in (, and j the similar index for 7. We have
¢y =)' = (lv)' ="y

As fy is good, it follows that (**! =, B(f1) < '+ =4 B(f1). Hence

CEaBl) & (T B(f) & W EaB(f) & nlEa Blg).

Suppose g = fiUfz and f1 and f> are good. We have 3(g) = B(f1)UB(f2).
If ¢ =4 B(g) then there exists ¢ > 0 such that (" =, B(f2) and ¢? =4 B(f1) for
j < i. Now there is some i/ > 0 such that n® |y = ¢?|y and for all j' < i, there
is some j < i such that 7|y, = ¢7]y. It follows that 7 = 8(g). Hence g is good.

Proof of part 2. Suppose first that intrpt(f) =, f. From part 1, intrpt(f) is
interruptible, so Proposition (5) implies f is interruptible.

Suppose instead that f is interruptible. We wish to show intrpt(f) =, f. By
Lemma [2] it suffices to show the two formulas agree on V-interrupt-free words.
We will show by induction that for each subformula g of f, { |Ex g < ¢ Ea B(9)
for all V-interrupt-free (. The case g = f will complete the proof.

If g = true, B(g) = true and the condition clearly holds.

If g = a for some a € Act, ¢ =4 B(9) & C=a (5V)Ua & ¢ =4 a, as (s
V-interrupt-free.

If g = —f1 and the inductive hypothesis holds for f;, then

CEaBlg) & CHEB(fI) & CHE L & CEa g
If g = fi1 A fo and the inductive hypothesis holds for f; and f; then

CEAB() & CEABUf1) NCEAB(f2) & CEAfi NCEAfo & CFag

Suppose g = X f; and the inductive hypothesis holds for f;. Note that any
suffix of a V-interrupt-free word, e.g., ¢!, is also V-interrupt-free. If |y~ is empty,

(EaBl9) & CEXB(f1) & (PR BA) © i & (g
If ¢|y is nonempty, then ¢ =, V, so
CEaBl9) & Cla (VU AXB(f1) & Cla XB(f1)
S CEBA) & CEA € (g
If g = f1Ufs, then applying the inductive hypothesis to f; and f yields
(Fag © 3i>0.CEafaAVj<i ¢ fi

& 3i>0.¢ = Bf2) AV <i. (T =L B(f)
& (i fB(9)

Decidability follows from part 2 and Proposition
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3.2 Examples of Interruptible LTL Formulas

We now give some examples of LTL formulas that are, and are not, interruptible.
Suppose a,b € Act and a # b. The formula Ga is not interruptible, because
¢ = av satisfies Ga but n = ba® does not, even though (|43 = 7/{a}. On the
other hand, G—a is interruptible, since if two words have the same restriction to
{a}, then one will contain an «a if, and only if, the other contains an a. Similarly,
Fa is interruptible and F-a is not. The formula F(a A XFa) is also interruptible
and means “a occurs at least twice.”

Proposition 5. There exist Pos,Neg C Form such that (i) for all f, f’ € Form,

(f €PosA f' =, f) = f € Pos
(f € Neg A f' =4 f) = f' € Neg,

and (i) for all a € Act, f1, fo € Intrpt, g1, go € Pos, and hi, hs € Neg,

false, a, —=h1, g1 A g2, g1V g2, a A f1, a NXf1 € Pos
true, —a, —g1, h1 Aha, hi V ha, maV fi, maV Xf; € Neg
true, false, fi A fa, f1V f2, =f1, Fg1, Gha, fiUf2, hiUgi, hiUf1 € Intrpt.

Proposition [5| can be used to generate many interruptible formulas. For ex-
ample, G(a — Fb), which occurs multiple times in the RERS suite, is seen to
be interruptible as follows. First b € Pos, so by the proposition, Fb € Intrpt.
Again by the proposition, —a V Fb € Neg. Since this last formula is equivalent
to a — Fb, we have a — Fb € Neg. Therefore G(a — Fb) € Intrpt. The proof of
the proposition is included in the Appendix.

Note that Intrpt and the set of stutter-invariant formulas are not comparable.
For example, f = F(a A XFa) is interruptible, but not stutter-invariant. In
fact f is not action-equivalent to any stutter-invariant formula g, since if there
were such a g, the sequence aad” would satisfy g, but the stutter-equivalent
sequence ab” cannot satisfy g. Conversely, the formulas a and Ga are both
stutter-invariant, but neither is interruptible. The formula Fa is both stutter-
invariant and interruptible. Finally, the formula Xa is neither stutter-invariant
nor interruptible.

3.3 Decidability of Interruptibility of Biichi Automata

Definition 11. Let B be a BA with alphabet A, V' C A (the wvisible actions),
and I = A\ V (the invisible actions). We say B is in V-interrupt normal form
if the following hold for any = € I, a € A, and states s1, so, and s3:

1. If 51 % s then B has a state s} such that s; - s} = so.
2. If 1 > s9 5 s5 then s1 — s5 and if s is accepting then s; or s3 is accepting.
3. If 51 = so then s RN so for all y € I.

Proposition 6. Suppose B is in V-interrupt normal form. Then L(B) is V-
interruptible.
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Proof. Suppose ¢,n € A%, ( € L(B), and (|y = n|y. We wish to show n € L(B).
Let 7 be an accepting path for (.

Assume (|y is infinite. By Definition [L11(2), we can remove all invisible tran-
sitions from the accepting path 7, and the result is an accepting path that spells
|y . By Definition (1), we can insert any arbitrary finite sequence of invisible
transition between two consecutive visible transitions; we can therefore construct
an accepting path for 7.

If {|v is finite, proceed as above to form an accepting path which spells a finite
prefix of 7 followed by an infinite word of invisible actions. By Definition [11](3),
that infinite suffix can be transformed to spell any infinite word of invisibles,
and in that way one obtains an accepting path for 7. a

Given any BA B = (S,A,T,S° F) and a visible set V' C A, define a BA
norm(B,V) as follows: if V' = A, norm(B,V) = B, otherwise norm(B,V) is
B=(S,A,T,5° F), where

D = {s € S| there is an accepting path from s with all labels in I}

S={i|ueS}u{u*|ueF\D}U{DIV}

SO = {a|ue S

F={i|ue F}U{DIV}

T = {(d,a,7) la eV Au,veSA(u,a,v)eT U
{(G,x,q) |zeIAueD U(S\F) U
{(DIV, z, DIV) lzel Ju
{(@, z, DIV) |treIANueD\F U
{(4, 2, u?), (u*, 2,u*) |z €T AuE F\D 1y
{(u¥,a,d) laeVAue F\DAveSA(u,a,v) €T}

The set S consists of the original states 1, the sharp states uf, and one
additional state DIV. The mapping from S to S defined by w — 4 is injective
and preserves acceptability and visible transitions, i.e., for any u,v € S and
aceV,u3v o 4% 0. It follows that paths in B in which all labels are
visible correspond one-to-one with paths through original states in B in which
all labels are visible. Note that every invisible transition in B is a self-loop or
ends in a sharp state or DIV. Moreover, all transitions in B ending in a sharp
state or DIV are invisible.

Proposition 7. For any BA B with alphabet A, and any visible set V C A,
norm(B, V) is in V-interruptible normal form.

Proof. To see Definition ), suppose s1 P | I T s1, take sf = s1.
Otherwise, s; = @ for some u € F'\ D, and we can take s} = uf.

For Definition 2), suppose s1 2 59 5 s3. We need to show s; = s3 and if
so is accepting then s; or s3 is accepting. If s; = ss, the result is clear, so assume
s1 # S2. There are then two cases: s = DIV or so = ul for some u € F \ D.
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If s = DIV, then @ € I and s3 = DIV, and we have s; — DIV. As DIV is
accepting, the desired conclusion holds.

If so = uf, then s; = 4, which is accepting. There are again two cases: either
s3 = uf or s3 = 0 for some v € S. If s3 = u! then a € I and @ % uf, as required.
If s3 = 0, then a € V and therefore u — v, hence & — 9, as required.

Definition 3) is clear from the definition of 7. O

Theorem 2. L(B) is V-interruptible iff L(norm(B,V)) = L(B). In particular
interruptibility for Biichi Automata is decidable.

Proof. Let Py = L(B) and P, = L(norm(B,V)). By Proposition 7 norm(B, V)
is in V-interruptible normal form, so by Proposition [f] P is V-interruptible.
Hence one direction is clear: if P = P,, then P; is V-interruptible.

So suppose P; is V-interruptible. We wish to show P; = P». By Lemma[2] it
suffices to show the two languages contain the same V-interrupt-free words.

Suppose ( is a V-interrupt-free word in P;. If { € V' then an accepting path
f in B maps to the accepting path 6 in B and ( € P. So assume ¢ € V*I“.
Then an accepting path in B has a prefix 6 of visible transitions ending in a
state u € D. That prefix corresponds to a path 0 in B ending in 4. As u € D,
@ 5 4 for all z € I. If u is accepting, we get an accepting path for ¢ that follows
6 and then loops at . If u is not accepting then v € D\ F, and @ — DIV for
all z € I. Since DIV is accepting and DIV 5 DIV for all z € I, we again get an
accepting path for ¢ in B.

Suppose now that ¢ is a V-interrupt-free word in P;. Assume ¢ € V¥. An
accepting path for ¢ cannot pass through a sharp state or DIV, because only
invisible transitions end in those states. So the path passes through only original
states, and therefore corresponds to an accepting path in B.

Suppose ¢ € V*I*. An accepting path for ¢ in B consists of a prefix 6 of
visible transitions followed by an infinite accepting path £ of invisible transitions.
As above, 0 corresponds to a path # in B ending in a state u.

We claim that & cannot pass through a sharp state. This is because all in-
visible transitions departing from a sharp state are self loops. But sharp states
are not accepting, while £ is an accepting path of invisible transitions. It follows
that each transition in £ is a self-loop or terminates in DIV.

We now claim u € D. For suppose the first transition in £ is a self-loop on .
According to the definition of 7', this implies v € D U (S\ F). Hence, if u ¢ D
then u is not accepting, and all invisible transitions departing from 4 are self-
loops, contradicting the fact that £ is an accepting path. If, on the other hand,
the first transition in € is @ —» DIV, for some z € I, then the definition of T
implies u € D, establishing the claim.

Sowu € D, i.e., there is an accepting path p in B starting from » and consisting
of all invisible transitions. The accepting path obtained by concatenating 6 and
p spells a word which, projected onto V', equals |y . Since P; is V-interruptible,
¢ € P;. This completes the proof that P, = P5.

The theorem reduces the problem of determining V-interruptibility to a
problem of determining the equivalence of two Biichi Automata, which can be
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done, e.g., using language intersection, complement, and emptiness algorithms
for BAs [31]. O

4 On-the-fly Partial Order Reduction

4.1 General Theory and Soundness Theorem

Let M = (Q,A,T,¢°) be an LTS, V C A, and B = (S,4,0,5°,F) a V-
interruptible BA. The goal of on-the-fly POR is to explore a subset R’ of
R = M || B with the property that L(R) =0 < L(R')=0.

A function amp: @ xS — 24 is an ample selector if amp(q, s) C enabled(M, q)
for all ¢ € @, s € S. Each amp(g, s) is an ample set. An ample selector determines
a BA R’ = reduced(R,amp) which has the same states, accepting states, and
initial state as R, but only a subset of the transitions:

R =(Qx8,4,8{¢°} x $°,Q x F)
&' ={((a:5),a,(d', ")) | a € amp(q,s) A (g, a,¢') € T A (s,a,5') € 0}

We now define some constraints on an ample selector that will be used to
guarantee the reduced product space has nonempty language if the full space
does. First we need the usual notion of independence:

Definition 12. Let M be an LTS with alphabet A, and a,b € A. We say a and
b are independent if all of the following hold for all states ¢ and ¢’ of M:

1. ¢ % ¢ = bcenabled(M,q)

2. ng’ = a € enabled(M, ¢’)
ab_ ba,

3. —¢q¢ & q¢q—q.

We say a and b are dependent if they are not independent. a

Note that, in contrast with [1], we do not assume actions are deterministic. We
can now define the four constraints:

CO For all ¢ € Q, s € S: enabled(M, q) # 0 = amp(q, s) # 0.

C1 For all ¢ € @, s € S: on any trace in M starting from ¢, no action outside
of amp(g, s) but dependent on an action in amp(g, s) can occur without an
action in amp(g, s) occurring first.

C2 For all g € Q, s € S: if amp(q, s) # enabled(M, q), then amp(q,s) NV = 0.

C3 For all @ € A: on any cycle in R’ for which « is enabled in R at each state,
there is some state o on the cycle for which a € amp(o).

Theorem 3. Let M be an LTS with alphabet A, V C A, B a BA with alphabet
A in V-interruptible normal form, R = M || B, and amp an ample selector
satisfying CO-C3. Then L(reduced(R,amp)) =0 < L(R) = 0.
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Fig. 1. Counterexample to Theorem [3| if B is not in interrupt normal form: (a) the
LTS M, (b) the BA B representing GFb, (c) the product space—dashed edges are in
the full, but not reduced, space, and (d) the result of normalizing B and removing
unreachable states.

The requirement that B be in interruptible normal form is necessary. A
counterexample when that condition is not met is given in Figure [I] Note a and
b are independent, and a is invisible. The ample set for product states 0 and
1 is {a}; the ample set for product state 2 is {a,b}. Hence C3 holds because
a state on the sole cycle is fully enabled. After normalizing B (and removing
unreachable states), this problem goes away.

The remainder of this section is devoted to the proof of Theorem [3] The
proof follows the structure of the proof in the state-based case [22], but there
are subtle adjustments needed to adapt it to the action formalism.

Let 6 be an accepting path in R. An infinite sequence of accepting paths
Ty, T1, ... will be constructed, where g = 6. For each ¢ > 0, m; will be decom-
posed as n; o 8;, where 7; is a finite path of length ¢ in R’, #; is an infinite path,
and 7); is a prefix of n; 1. For i = 0, 79 is empty and 6y = 6.

Assume ¢ > 0 and we have defined n; and 6; for j <i. Write

0; = {(qo,s0) = (qu,51) = - (1)

Then 7,11 and 6,41 are defined as follows. Let E = amp(qo, so). There are two
cases:

Case 1: a1 € E. Let n;41 be the path obtained by appending the first transition
of 6; to n;, and 6,41 the path obtained by removing the first transition from 6,.

Case 2: a1 € E. Then there are two sub-cases:

Case 2a: Some operation in F occurs in 6;. Let n be the index of the first such
occurrence. By C1, a; and a, are independent for 1 < j < n. By repeated
application of the independence property, there is a path in M of the form

G0 a g B g S g g
By C2, a, is invisible. By Definition [I1} B has an accepting path of the form
S0 &5 56 g S1 g e a:z Sn—2 al;l Sn—1 agl Sn+1 hry2 R

Composing these two paths yields a path in R. Removing the first transition
(labeled a,,) yields 6;41. Appending that transition to 7; yields 7;11.
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Case 2b: No operation in F occurs in 6;. By CO, E is nonempty. Let b € F.
By C2, every action in 6; is independent of b. As in the case above, we obtain a
path in R

<q07$0> 4b) <q/1,56> g <q%,81> B <qé,52> 03 -

and define 6; 1 and 7,41 as above.

Let n be the limit of the 7, i.e., (i) = 1;11(¢). It is clear that 7 is an infinite
path in R’, but we must show it passes through an accepting state infinitely
often. To see this, define integers d; for ¢ > 0 as follows. Let &; = sgs1 -+ be the
sequence of BA states traced by 6;. Let d; be the minimum j > 0 such that s;
is accepting. Note that d; = 0 iff last(n;) is accepting.

Suppose 7 > 0 and d; > 0. If Case 1 holds, then d; 1 = d; —1, since &1 = fil.
It is not hard to see that if Case 2 holds, d;11 < d;. Note that in Case 2a, if
d; = n, the accepting state s,, is removed, but Definition [L1|(2) guarantees that at
least one of s,,—1 and s,,+1 is accepting. In the worst case (s,—1 is not accepting),
we still have d; 1 = n.

We claim there are an infinite number of ¢ > 0 such that Case 1 holds.
Otherwise, there is some i > 0 such that Case 2 holds for all j > i. Let a be the
first action in ;. Then for all j > i, a is the first action of #; and a is not in
the ample set of last(n;). Since the number of states of R is finite, there is some
k > i such that last(n,) = last(n;). Hence there is a cycle in R’ for which a is
always enabled but never in the ample set, contradicting C3.

If  does not pass through an accepting state infinitely often, there is some
i > 0 such that for all j > 4, first(f;) is not accepting. But then (d;);>; is
a nondecreasing sequence of positive integers which strictly decreases infinitely
often, a contradiction.

4.2 Ample Sets for a Parallel Composition of LTSs

We now describe the specific method used by MCRERS to select ample sets.
Since this method is similar to existing approaches, such as |26}, Algorithm 4.3],
we just outline the main ideas.

Let n > 1, P = {1,...,n}, and let My,..., M, be LTSs over Act. Write
M; = (le Aiv i, q?) and

M:Ml H o || Mn:(Q)A’_>7qO)'

For a € A, let procs(a) = {i € P | a € A;}. It can be shown that if a and b are
dependent actions, then procs(a) N procs(b) # (.
Let ¢ = (q1,--.,9n) € Q and E; = enabled(M;, ¢;) for i € P. Let

Suppose C C P is closed under Ry, i.e., for alli € C' and j € P, (i,j) € R, =
j € C. This implies that if a € E; for some ¢ € C then procs(a) C C. Define

enabled(C, ¢) = enabled(M, ¢) N U A;.
i€C
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Let I/ = enabled(C, q). Note £ C | J;c Ei. Hence for any a € E, procs(a) C C.

Lemma 3. On any trace in M starting from q, no action outside of E but
dependent on an action in E can occur without an action in E occurring first.

Proof. Let  be a trace in M starting from ¢, such that no element of E occurs in
¢. We claim no action involving C' (i.e., an action a for which procs(a) N C # ()
can occur in (. Otherwise, let = be the first such action. Then = € E;, for
some i € C, so procs(z) C C. As x ¢ E, x ¢ enabled(M, ¢). So some earlier
action y in ¢ caused x to become enabled, and therefore procs(z) N procs(y) # 0,
hence procs(y) N C # (), contradicting the assumption that = was the first action
involving C' in (.

Now any action b dependent on an action a € E must satisfy procs(a) N
procs(b) is nonempty. Since procs(a) C C, procs(b) N C' is nonempty. Hence no
action dependent on an action in E can occur in (. a

We now describe how to find an ample set in the context of NDFS. Let (g, s)
be a new product state that has just been pushed onto the outer DF'S stack. The
relation R, defined above gives P the structure of a directed graph. Suppose that
graph has a strongly connected component C such that all of the following hold
for E = enabled(Cy, q):

1. E#0,

2. ENV =0,

3. enabled(C’, q) = 0 for all SCCs C’ reachable from Cj other than Cp, and

4. E does not contain a “back edge”, i.e., if (g,s) 4 o for some a € F and
o € Q x S, then o is not on the outer DFS stack.

Then set amp(q, s) = E. If no such SCC exists, set amp(q, s) = enabled(M, q). It
follows that C0—-C4 hold. Note that the union C' of all SCCs reachable from Cj
is closed under R, and enabled(C, q) = E, so Lemma guarantees C1. For C3,
we actually have the stronger condition that in any cycle in the reduced space, at
least one state is fully enabled. In our implementation, the SCCs are computed
using Tarjan’s algorithm. Among all SCCs Cj satisfying the conditions above,
we choose one for which |enabled(Cy, ¢)| is minimal.

One known issue when combining NDFS with on-the-fly POR is that the
inner DFS must explore the same subspace as the outer DFS, i.e., amp must be
a deterministic function of its input (¢, s) [13]. To accomplish this, MCRERS
stores one additional integer j in the state: j is the root node of the SCC (Y, or
—1 if the state is fully enabled. The outer search saves j in the state, and the
inner search uses j to reconstruct the SCC Cy and the ample set F.

5 Related Work

There has been significant earlier research on the use of partial order reduction
to model check LTSs (or the closely related concept of process algebras); see,
e.g., [9411}24-2729]. To understand how this previous work relates to this paper,
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we must explain a subtle, but important, distinction concerning how a property
is specified. In much of this literature, a property of an LTS with alphabet A
is essentially a pair 7 = (V,T), where V' C A is a set of visible actions and T
is a set of (finite and infinite) words over V. A property in this sense specifies
acceptable behaviors after invisible actions have been removed. (See, e.g., Def.
2.4 and preceding comments in [26].) We can translate 7 to a property P in our
sense by taking its inverse image under the projection map:

P={CeA”|(veT}

Note that P is V-interruptible by definition. Hence the need to distinguish in-
terruptible properties does not arise in this context.

Much of the earlier work on POR for LTSs deals with the “offline” case, i.e.,
the construction of a subspace of M that preserves certain classes of properties.
In contrast, Theorem [3] deals with an on-the-fly algorithm, i.e., the construction
of a subspace of M || B. The on-the-fly approach is an essential optimization in
model checking, but recent work in the state-based formalism has shown that
offline POR schemes do not always generalize easily to on-the-fly algorithms [22].

One earlier work that does describe an on-the-fly model checking algorithm
for LTSs is [26] (see also [12], which deals with the same ideas in a state formal-
ism). The property is specified by a tester process B. Consistent with the notion
of property described above, the alphabet of B does not include the invisible
actions. Hence, in the parallel composition M || B, the tester does not move
when M executes an invisible action. In order to specify both finite and infinite
words of visible actions, the tester has two kinds of accepting states: “livelock
monitor states” and “infinite trace monitor states.” (Two additional classes of
states for detecting other kinds of violations are not relevant to the discussion
here.) A version of the stubborn set theory is used to define the reduced space,
and a special condition is used to solve the “ignoring problem” (instead of our
C3). It would be interesting to compare this algorithm with the one described
here.

There are many algorithms for reducing or even minimizing the size of an
LTS while preserving various properties, e.g., bisimulation equivalence 5] or di-
vergence preserving bisimilarity [4]. These algorithms could be applied to the
individual components of a parallel composition (taking all visible and commu-
nication actions to be “visible”), as a preprocessing step before beginning the
model checking search. An exploration of these algorithms, and how they impact
POR, is beyond the scope of this paper, but we hope to explore that avenue in
future work.

The RERS Challenge [6,/14H16] is an annual event involving a number of
different categories of large model checking problems. The “parallel LTL cate-
gory,” offered from 2016 on, is directly relevant to this paper. Each problem in
that category consists of a Graphviz “dot” file specifying an LTS as a parallel
composition, and a text file containing 20 LTL formulas. The goal is to identify
the formulas satisfied by the LTS. The solutions are initially known only to the
organizers, and are published after the event. The RERS semantics for LTSs,
LTL, and satisfiability are exactly the same as in this paper.
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The methods for generating the LTS and the properties are complicated, and
have varied over the years, but are designed to satisfy certain hardness guaran-
tees. The approach described in [23] is “...based on the weak refinement ... of
convergent systems which preserves an interesting class of temporal properties.”
It can be seen that the properties preserved by weak refinement are exactly the
interruptible properties. While [23] does not describe a method for determining
whether a property is interruptible, the authors have informed us that they de-
veloped a sufficient condition for an LTL formula to be interruptible, and used
this in combination with a random method to generate the formulas for 2016 and
2019. Our analysis (Section [6) confirms that all formulas from 2016 and 2019
are interruptible, while 2017 and 2018 contain some non-interruptible formulas.

There is a well-known way to translate a system and property expressed
in an action-based formalism to a state-based formalism. The idea is to add a
shared variable last which records the last action executed. An LTL formula over
actions can be transformed to one over states by replacing each action a with the
predicate last = a. This is the approach taken in the Promela representations of
the parallel problems provided with the RERS challenges.

This translation is semantics-preserving but performance-destroying. Every
transition writes to the shared variable last, so any state-based POR scheme
will assume that no two transitions commute. Furthermore, since the property
references last, all transitions are visible. This effectively disables POR, even
when the property is stutter-invariant, as can be seen in the poor performance
of SPIN on the RERS Promela models (Section |§[) It is possible that there are
more effective SPIN translations; [28| §2.2], for example, suggests not updating
last on invisible actions, and adding a global boolean variable that is flipped on
every visible action (in addition to updating last). We note that this would also
require modifying the LTL formula, or specifying the property in some other
way. In any case, it suggests another interesting avenue for future work.

6 Experimental Results and Conclusions

We implemented a model checker named MCRERS based on the algorithms
described in this paper. MCRERS is a library and set of command line tools.
It is written in sequential C and uses the Spot library [3] for several tasks: (1)
determining equivalence of LTL formulas, (2) determining language equivalence
of BAs, and (3) converting an LTL formula to a BA. The source code for MCR-
ERS as well as all artifacts related to the experiments discussed in this section,
are available at https://vsl.cis.udel.edu/cav2020. The experiments were
run on an 8-core 3.7GHz Intel Xeon W-2145 Linux machine with 256 GB RAM,
though McRERS is a sequential program and most experiments required much
less memory.

As described in Section [5] each edition of RERS includes a number of prob-
lems, each of which comes with 20 LTL formulas. The numbers of problems for
years 20162019 are, in order, 20, 15, 3, and 9, for a total of 47 problems, or
47 x 20 = 940 distinct model checking tasks. (Some formulas become identical


https://vsl.cis.udel.edu/cav2020

Action-Based Model Checking: Logic, Automata, and Reduction 19

after renaming propositions.) We used the MCRERS property analyzer to an-
alyze these formulas to determine which are interruptible; the algorithm used
is based on Theorem [Il The results show that all formulas from 2016 and 2019
are interruptible, which agrees with the expectations of the RERS organizers. In
2017, 22 of the 300 formulas are not interruptible; these include

— GF—a111_SIGTRAP,
— G[a71_SIGVTALRM — X—a71_SIGVTALRM|, and
— G[(a59_S1GUSR1 A X[(—a112_SIGHUP)Ua59_SIGUSR1]) — FGal04_SIGPIPE|.

In 2018, 3 of the 60 formulas are not interruptible. The total runtime for the
analysis of all 940 formulas was 6 seconds.

We next used the MCRERS automaton analyzer to create BAs from each of
the interruptible formulas, and then to determine which of these Spot-generated
BAs was not in interrupt normal form. This uses a straightforward algorithm
that iterates over all states and checks the conditions of Def.[I1l For each BA not
in normal form, the analyzer transforms it to normal form using function norm of
Section [3.3] Interestingly, all of the Spot-generated BAs in 2016 and 2019 were
already in normal form. Four of the BAs from interruptible formulas in 2017
were not in normal form; all of these formulas had the form Fla V ((—=b)W¢)].
In 2018, 6 interruptible formulas have non-normal BAs; these formulas have
several different non-isomorphic forms, some of which are quite complex. The
details can be seen on the online archive. The total runtime for this analysis
(including writing all BAs to a file) was 11 seconds.

The McRERS model checker parses RERS “dot” and property files to con-
struct an internal representation of a parallel composition M = M, || --- || M,
of LTSs and a list of LTL formulas. Each formula f is converted to a BA B; if f
is interruptible and B is not already in normal form, B is transformed to normal
form. The NDFS algorithm is used to determine language emptiness, and if f
is interruptible, the POR scheme described in Section [4] is also used. States are
saved in a hash table.

One other simple optimization is used regardless of whether f is interruptible.
Let aM denote the set of actions labeling at least one transition in M, and
define aB similarly. If aM # «aB, then all transitions labeled by an action
in (aM \ aB) U (aB \ aM) are removed from the M; and B; all unreachable
states and transitions in the M; and B are also removed. This is repeated until
aM = aB.

We applied the model checker to all problems in the 2019 benchmarks. Inter-
estingly, all 180 tasks completed, with the correct results, using at most 8 GB
RAM; the times are given in Figure

We also ran these problems with POR turned off, to measure the impact
of that optimization. As is often the case with POR schemes, the difference is
dramatic. The non-POR tests ran out of memory on our 256 GB machine after
problem 106. We show the resources consumed for a representative task in Figure
this property holds, so a complete search is required. In terms of number of
states or time, the performance differs by about 5 orders of magnitude.
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Problem ‘ 101 102 103 104 105 106 107 108 109
Components 8 10 12 15 20 25 50 60 70
Time (s) 1 1 1 1 1 1 14 54 432

Fig. 2. Time to solve RERS 2019 parallel LTL problems using MCRERS. Each problem
comprises 20 LTL formulas. Memory limited to 8 GB. Rows: problem number, number
of components in the LTS, and total MCRERS wall time rounded up to nearest second.

POR? States saved Transitions Memory (MB) Time (s)
YES 1.55 x 10% 1.55 x 10T 1.26 x 107 <0.1
NO 1.89 x 10° 1.35 x 10*°  2.61 x 10° 7865.0

Fig. 3. Performance impact of POR on solving RERS 2019 problem 106, formula 1,
(a6 — Fa7)W (a7 V a88).

As explained in Section the RERS-provided SPIN models can not be
expected to perform well. We ran the latest version of SPIN on these using
-DCOLLAPSE compression. We show the result for just the first task in Figure [
There is at least a 4 order of magnitude performance difference (measured in
states or time) between the tools. An examination of SPIN’s output in verbose
mode reveals the problem to be as described in Section [5f the full set of en-
abled transitions is explored at each transition due to the update of the shared
variable.

Tool States Transitions Memory(MB) Time(s)
SPIN 8.16 x 107 2.01 x 105  1.09 x 10* 292.0
McRERS 1.80 x 10> 1.93 x10%  5.06 x 10* <0.1

Fig. 4. Performance of SPIN v6.5.1 and MCRERS on RERS 2019 problem 101, property
1. Both tools used POR. SPIN used -DCOLLAPSE for state compression and -m100000000
for search depth bound.

The 2016 RERS problems are more challenging for MCRERS. The problems
are numbered from 101 to 120. To scale beyond problem 111, with a memory
bound of 256 GB, additional reduction techniques, such as the component mini-
mization methods discussed in [5] must be used. We plan to carry out a thorough
study of those methods and how they interact with POR.
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A Additional Properties of Interruptible LTL Formulas

A.1 Closure of Intrpt Under Action Equivalence
In this section, we prove
Proposition 8. If f,g € Form and f =, g, then f € Intrpt < g € Intrpt.

The statement is easy to prove if af = ag; this is Proposition 5). But Propo-
sition [8]is more general because we are not assuming the formulas have the same
alphabet. In this case the proof is more subtle.

Definition 13. Let f € Form and (,n € Act”. We say ¢ and n are observably
equivalent for f if {laf = nlas.

Given ¢ € Act”, and z,y € Act, we write ([z/y] for the sequence obtained
by replacing every occurrence of y in ¢ by z.

Definition 14. Let f € Form and a € Act. We say a is irrelevant to f if the
following holds for every x € Act \ af:

Ve eAt” (C= f & (lz/d | f). (2)

Deﬁnitionrequires that hold for all x not in the alphabet of f. Lemma
shows that it is enough to check this for one such x:

Lemma 4. Let f € Form and a € Act. Suppose x € Act\ af and x satisfies .
Then a is irrelevant to f.

Proof. It suffices to show

V¢ e Act”, z,y € Act\ af . (C[z/d] = f < (ly/a] = /). 3)

We prove by induction on the structure of f.
It clearly holds if f is true. Suppose f = b € Act. If a = b then neither ([z/b]
nor ([y/b] satisfy b, so holds. If a # b then
(le/al b & C(0)=b < ([y/d = b,

SO holds again.
Suppose holds for f, and x is not in

(lz/a] E—~f & (z/a] b= f
& (ly/al = f
& (ly/al = ~f

showing holds for —f.
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Suppose holds for f and g, and z,y are not in a(f A g) = a(f) U a(g).
Then
(lz/a] = fAg & (lo/a] = f and ([z/a] =g
< (ly/d = fand ([y/a] g

& Cly/ad EfAg,
proving for f A g. Moreover,
([z/a] £ fUg & 3i(i20A([z/a)' E gAVY0 <) <i—([z/a Ef))

& Fi(i > 0N [z/a] | gAVj(0<j<i—Clz/a] = [))
& 3i(i> 0N y/a EgAYi(0<j<i— ly/d = f))
& Ji.(i 2 0AC[y/a] EgAYL0 <) <i—(ly/a [ [))
< ([y/da] = fUg,

proving for fUg. O

Lemma [5] states that any action not in the alphabet of f is irrelevant to f:
Lemma 5. Let f € Form and a € Act\ af. Then a is irrelevant to f.

Proof. Let x = a. Then ([z/a] = (, so clearly holds. By Lemma {4} a is
irrelevant to f. ad

Actions that do occur in f may also be irrelevant to f. For example, a A —a
is equivalent to false, so clearly a is irrelevant to a A —a. Similarly, if a and b
are distinct actions, then a A b is action-equivalent to false, so both a and b are
irrelevant to a A b. More generally:

Lemma 6. Suppose f,g € Form, f =, g, and a € Act. Then a is irrelevant to
fif, and only if, a is irrelevant to g.

Proof. Suppose a is irrelevant to f. Since Act is infinite, there is some = €
Act\ (af U ag). Then for any ¢ € Act®,

(Fg e (Ef e de/aEf < (u/d =g
By Lemma[4] a is irrelevant to g. a

Now we prove Proposition [8}

Proof. Let Y = af \ ag. Say Y = {y1,...,yn}. Let € Act\ (af U ag). For
¢ € Act”, we write ([z/Y] as shorthand for {[z/y1] - [x/yn]. Note

C[x/Y”af = C‘afﬁag = <|ag|afﬁag- (4)

Suppose f € Intrpt. We must show g € Intrpt. So assume (, € Act® and
C‘ag = 77|ag- By 7

C[x/YHaf = C|ag|ocfﬂag = 77|ag|afﬂag = n[x/Y“af’
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whence ([x/Y] and n[z/Y] are observably equivalent for f.
By Lemma [5| every action in Y is irrelevant to g. Therefore

CEg < (z/Y]Eg Dby Definition [14

]
& (x/Y]Ef since f=ag
< nz/Y]E f as{[x/Y], nlx/Y] are observably equivalent for f
< nlz/Y] g since f=ag
S kg by Definition

Hence g € Intrpt. a

A.2 Closure of Intrpt Under All LTL Operators Other Than X
In this section, we prove

Proposition 9. Suppose f,g € Intrpt. Then true, =f, fAg, fVyg, f—g, Ff,
Gf, and fUg are all in Intrpt.

Proof. The proof is by induction over the formula structure.
Suppose ¢ and 7 are observably equivalent for f. Then

CE~f & CFEfenlEf o nEf

so = f € Intrpt.
Suppose ¢ and 7 are observably equivalent for f Ag. Note a(fAg) = afUag,
SO

C‘Oéf = <|oc(f/\g)|0¢f = 77|a(f/\g)|0tf = 77|O£fa

so ¢ and n are observably equivalent for f. Similarly, { and n are observably
equivalent for g. Hence

(FfAhg & (EFfand( kg
e nEfandnpg
e nEfAg,

which shows f A g € Intrpt.

Let us show the case for fUg. The other cases follow since they are action-
equivalent to formulas expressed using U, true, -, and A.

Suppose ¢ |= fUg. Then there is some i > 0 such that (' = g and ¢/ = f
whenever 0 < j < 4.

Since ¢ and 7 are observably equivalent, there exists ¢/ > 0 such that the
prefix of length ¢ of { is observably equivalent to the prefix of length ¢’ of 1, and
the suffix ¢ is observably equivalent to ni/.

For j/ < i, 77" |= f since 17" is observably equivalent to ¢7 for some j
satisfying 0 < j < 4. Similarly, ni/ = g since ni/ is observably equivalent to (°.
Hence n = fUyg, as required. ad
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A.3 Proof of Proposition

In this section, we prove

Proposition [5| There exist Pos,Neg C Form such that (i) for all f, f' € Form,

(f €PosA f =, f) = f € Pos
(f € Neg A f' =4 f) = f' € Neg,

and (i) for all a € Act, f1, fo € Intrpt, g1, g2 € Pos, and hi, ha € Neg,

fa/lsea a, _‘hla g1 /\gQa g1 nga a/\fla a/\Xfl S Pos
true, —a, g1, h1 Ahg, hi V hs, maV fi, naV Xf; € Neg
true, false, fi A fa, f1V fa, =f1, Fgi, Ghy, fiUfs, hiUg, hiUf1 € Intrpt.

Definition of positive and negative formulas. Let Pos be the set of all
f € Form satisfying both of the following:

Va € Act,(,n € Act” . (Clag = Nlay = (acC = f & aon= 1)) (5)

V¢ € Act” . (C(0) € af = C I~ f). (6)

We say a formula in Pos is positive.
Let Neg be the set of all f € Form satisfying both and

V(e Act” . (C(0) €af = (= f) (7)
We say a formula in Neg is negative.
Lemma 7. Suppose f,g € Form and f =4 g. All of the following hold:

1. f € Pos & g € Pos,

2. f € Neg & g € Neg,

3. f € Pos & —f € Neg, and
4. f € Neg & —f € Pos.

Proof. Clearly, holds for f if and only if holds for —f. Equation @ holds
for f if and only if holds for —f. This proves Lemma [7[3). Moreover, (/7))
holds for f if and only if @ holds for —f, proving Lemma 4).

Now if Lemma [7[1) holds, we can prove Lemma [7[2): if f is negative then
—f is positive, so since = f =4 —g, —g is positive, therefore g is negative.

We now turn to the proof of Lemma [7[1). Let Y = af \ ag and x € Act \
(af Uag). Assume f is positive. We wish to show g is positive.
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We first show g satisfies (5)). So assume (|ag = 7]y and ao ¢ = g. We must
show a on = g. First, since f =4 g, we have

aoCk . (8)
Moreover,

C[x/y]‘ozf = <|afﬁag = C|ag‘ozfﬂa9 = 77|ag|afﬁag = n‘afﬂag
=nlz/Y]|ay.

By Lemma [5] every element of Y is irrelevant to g, and by Lemma[6] every
element of Y is irrelevant to f. From , we can therefore conclude

(@0 Q)e/Y] = . (10)

We claim ¢ ¢ Y. For if @ € Y, then (a0 {)[z/Y] = zo([z/Y] = f but
(zo([z/Y])(0) =z & af, so (6] implies z o ([z/Y] }~ f, contradicting (10].

(9)

Therefore
ao(lz/Y]=(ao)z/Y] = f. (11)
But f is positive, so by (5)), (9), and (11)),
aonla/Y] - f.
Since f =4 g,

(aon)|x/Y]=aonz/Y] g,
and since Y is irrelevant to g, a o n = g, completing the proof that g satisfies

(B)-
We next show ¢ satisfies @ Let ¢ € Act”, a = ¢(0), and suppose a € ag.
Say ¢ = ao&. We have

Clx/a] = (aof)lx/a] = xolz/a].
Since ¢ af and f satisfies (6), z o £[z/a] & f. Since f =4 g, ([z/a] [~ g. By

Lemma |5} a is irrelevant to g, so ¢ & g. This shows g satisfies @, completing
the proof of Lemma [7{(1). O

Positive formulas. The proof of Proposition [5| is by induction on formula
structure. We begin with the formulas in Pos.

Case false. Since formula false trivially satisfies and @, false is clearly
positive.

Case a. Let a € Act. For any x € Act,
zollEa & z=a & zonka,

SO holds for the formula a. Clearly, if ¢ does not start with a then ¢ cannot
satisfy a, so @ holds as well. Hence the formula a is positive.
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Case —h. Suppose h € Neg. By the inductive hypothesis, h is negative. By
Lemma 4), —h is positive.

Case g1 N\ g2. Suppose g1, g2 € Pos. By the inductive hypothesis, g; and g, are
positive. We show g1 A go is positive. Let S = a(g1 A g2) = ag1 U ags. Suppose
a € Act, (,n € Act”, (|s =n[s, and ao ( = g1 A g2. Then ao ¢ |= g1 and

C'agl = C|S|0491 = 77|S‘0691 = n‘agl'

Since ¢g; is positive, aon |= g1. A similar statement holds with go in place of ¢;.
Hence aon = g1 A g2, and g1 A go satisfies (5)). Furthermore, if {(0) ¢ S, then
in particular ¢(0) € agi, so ¢ ~ g1, hence ¢ = g1 A ga. Therefore g; A g2 also
satisfies @, and g A go is positive.

Case g1 V g2. One can argue exactly as above to see that g; V go satisfies .

If ((0) ¢ S, then ((0) & agr, whence ¢ F g1, and ((0) & ags, whence ¢ b go.
Therefore ¢ £ g1 V g2, 80 g1 V go is positive.

Cases a A f and a ANXf. Suppose a € Act and f € Intrpt. Let S = {a}Uaf, and
assume b € Act and (|g = n|s.
Suppose bo( =a A f. Then a =b and ao ¢ = f. Moreover,

(@oQlas = (aolslar = (aon)lslar = (aon)las- (12)

Since f € Intrpt, aon |= f, hence aon |=a A f, and a A f satisfies ([5). Suppose
¢(0) ¢ S. Then, in particular, ((0) # a, so ( = a A f, and a A f satisfies @ So
a A f is positive.

Suppose instead bo ( = a AXf. Then a =b and ao ¢ = Xf. Hence ¢ [ f.
Moreover, (laf = N|af. Since f € Intrpt, n |= f. Hence aon = a A Xf, ie.,
a N X f satisfies (). The argument that a A Xf satisfies @ is identical to the
one above. So a A X f is positive.

Negative formulas. Each formula in Neg is easily seen to be equivalent to the
negation of a formula in Pos. By Lemmal7] this completes the inductive step for
Neg.

Interruptible formulas. Proposition [J] has already established that the inter-
ruptible formulas are closed under all LTL operators other than X. Moreover,
Fg = trueUg, and true € Neg; and Gh = —F-h. This leaves two cases: hUg
and AU f.

Case hUg. Suppose h is negative and g is positive. We will show hUyg € Intrpt.
Let Y = ah U ag. Suppose ¢ and n are observably equivalent for hUg and

¢ E hUg. Say (' =g and ¢/ |= h for j < i.
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Let a = ¢%(0) = ¢(i). Since g is positive, a € ag. Now since |y = nly, there
is a unique integer i’ such that

<:<10a0<i+1
7’:7}10&07’il+1

Gly =mly
. v
Cz+1|Y _ nz +1|Y7

where (; is the prefix of length i of ¢ and 7 is the prefix of length i’ of 7. Since
@o ¢ = ¢ g, we have ao ! = g,

Suppose 0 < j/ < #'. Let b=n(j'). If b € Y, then since h is negative, ' E h.
If b € Y, then there exists a unique integer j such that

(=(obot!
77:7720507]]’/4—1
C2|Y=772|Y

Gy =0y,

where (5 is the prefix of length j of ¢ and 7, is the prefix of length g of n.
Furthermore, j < i, so bo (*! |= h. Since h is negative, /" = bon? *! = h.
This shows 1 = hUg, so hUg € Intrpt.

Case hU f. Suppose h is negative and f € Intrpt. We will show hU f € Intrpt. Let
Y = ahUayg. Suppose ¢ and 7 are observably equivalent for AU f and ¢ = AU/.
Let i be the least nonnegative integer such that (¢ = f and ¢’ = h for j < i.

If ¢ = 0 then ¢ = f, and therefore n = f, since f € Intrpt. Hence n = U/,
as required.

So assume ¢ > 0. Let a = ((i — 1). We must have a € af, since otherwise
¢*=1 and ¢’ would be observably equivalent for f, and therefore (=1 = f,
contradicting the minimality of 4.

There exists a unique nonnegative integer 7’ such that

(=Coao(
n=moaon
Gly =mly
Cly =n"lv,

where (7 is the prefix of length i of ¢ and 7; is the preﬁx of length i’ of n.
Since f € Intrpt, 7° |= f. Suppose 0 < j' < i'. We will show ' = h
If // =4 —1, then ' |y = aon’ = h since h is negative, a o ¢ |= h, and
C1|Y =1'ly. )
Suppose j° < i’ — 1. Then we argue just as in the hUg case that n? = h.
This completes the proof of Proposition
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A.4 An Alternative Characterization of Irrelevance

We now turn to an equivalent formulation of the notion of irrelevant actions. If
f,9 € Form and a € Act, we write f[g/a] for the formula obtained by replacing
every occurrence of a in f with g.

Lemma 8. Let f € Form, a € Act, = € Act\ af, and { € Act”. Then

(le/a] = [ & (= flfalse/a] (13)

Proof. Proof is by induction on the structure of f. The lemma certainly holds for
the formula true. Suppose b € Act and we wish to show it holds for the formula
b. If a # b, then

(fafal b & C0)=b & ¢ kb= bljalse/al,
SO holds. If @ = b, then

C[z/a] Ea & false & (= false = a[false/al,

SO holds in this case as well.
Suppose the Lemma holds for f and g. Then

Cle/al f=fANg & ([z/a] = [ and (z/d] = g
& (= flfalse/a] and ¢ |= glfalse/a]

& ¢ flfalse/a) A glfalse/a]
& k= (f Ag)lfalse/al,

so the Lemma holds for f A g. Furthermore,

Clefa] = =f < (lo/a] |~ f
& (I~ flfalse/al
& (| (flfalse/al)
& (| (=f)[false/al,

so it holds for —f. Finally,

Cle/a) = fUg & 30> 0 A (Clo/al ) A0 < j < i = Clafal = 1))
& Fi(i > 0A(z/a] Eg) AVE(0<j <i— Cz/a] = f))
& Fi.(i > 0N (¢ glfalse/a)) AYG.(0 < j <i— T = flfalse/a)))
< (| flfalse/a]Ug][false/a)
& (= (fUg)lfalse/al,
so the Lemma holds for fUg. ad

Proposition 10. Let f € Form and a € Act. Then a is irrelevant to f if, and

only if, f =a f|false/al.
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Proof. Let z be any element of Act \ af. (Such an element exists since Act is
infinite and «f is finite.)
Suppose a is irrelevant to f. Let { € Act”. Then

CEf o CzldE=f by Definition [T4]
< (= flfalse/al by Lemma [§]

whence f =4 f[false/a).
Suppose f =4 f[false/a]. Let ¢ € Act”. Then

CEf & (= flfalse/a) by Definition [4]
& (lz/a]l = f by Lemma [§]

By Lemma[4] a is irrelevant to f. a
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