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REEXAMINING TWO RESULTS IN PARTIAL ORDER
REDUCTION

STEPHEN F. SIEGEL

ABSTRACT. This paper reexamines two results dealing with ample-set-based
Partial Order Reduction (POR) for explicit-state model checking. The first is
a theorem asserting that POR and “on-the-fly” model checking can be safely
combined. It is shown that the proof of this theorem contains a gap, though
I am not aware of a counterexample to the theorem itself. The second result
asserts that a specific relation between the reduced and full state spaces is
a visible simulation. This result is incorrect: the posited relation is not a
simulation, and a counterexample is given.

1. CoMBING POR AND ON-THE-FLY MODEL CHECKING

The basic automata-theoretic model checking algorithm involves the search for
reachable acceptance cycles in the product of an automaton representing the Kripke
structure and a Biichi automaton corresponding to —¢. This search can take place
on the fly, i.e., without first constructing the Kripke structure. An algorithm com-
bining the on-the-fly approach with (invisibility-based) ample-set POR is presented
in [2]; it is similar to the algorithm implemented in SPIN [1].

Theorem 4.2 of [2] asserts that partial order reduction can be safely combined
with on-the-fly model checking, but the proof contains a gap in the claim “It is
easy to see that L(A") = L(G") N L(B)” (p. 58). It is easy to see that the left-hand
side is contained in the right, but the reverse is not clear.

To see why it is not clear, recall that, using the notation of [2], A’ is the subgraph
of G’ consisting of all nodes (x, y) for which y < n. Suppose AgA1 - -+ € L(G")NL(B),
where \; € 2. The fact that this string is in L(G’) means there is some path 7

(z0,Y0) <a0;><0) (1,1
in G’ such that L(x;) = A; (i > 0). Here z; is a state in the program, 0 < y; < n,
«; is an operation in the program, and (; is either a transition in B or a special
symbol to denote there is no transition labeled \; departing from state y; in B; in
this last case y; = n for all j > 1.

One must show there is a path in A’ generating the same string AgA; ---. This
would obviously hold if we knew 7 was a path in A’. However, this does not have
to be the case, because B may be a nondeterministic Biichi automaton. That is, it
is possible that AgA; - -+ is in L(B) but nevertheless there is some ¢ such that there
is no transition labeled \; departing from y;, because there are two different paths
in B that generate the same prefix A\g---A;_1 but end in two different states, one
of which has an outgoing A; transition and one of which does not.
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Note that you cannot assume B is deterministic since for Biichi automata there
are nondeterministic automata that have no equivalent deterministic automaton.

I am not aware of any counterexample to [2, Thm. 4.2], but I also do not see
how to fill the gap in the proof.

2. FORMING PATHS AND A VISIBLE SIMULATION

Theorem 5.12 of [3] asserts that the “forming path” [3, Def. 5.6] relation from
the reduced sub-state space to the full state space is a “visible simulation” [3, Def.
5.5]. That result would provide a much simpler proof of the main theorem of this
paper. However, [3, Thm. 5.12] is incorrect.

A counterexample with 2 processes, Py and P;, can be constructed as follows.

Py has 3 states (0, 1, and 2), and two transitions 0 % 1 and 0 L) P, has two
states (0 and 1) and one transition 0 2 1. The dependence relation consists of only
(a, B) (i.e., there are no dependencies between the two processes). Assume a and
B are invisible, and + is visible. The initial state is so = (0,0). The full state space
has 6 states.

At sg, all 3 transitions are enabled. For the ample set at sg, take the set S =
{a, B}. This satisfies all the requirements for an ample set, in particular it satisfies
condition C1 of [3, Sec. 4.1], which requires that for every path in the full state
space starting from s, a transition that is dependent on some transition in the
ample set cannot appear before a transition from the ample set. The reduced
structure therefore has two transitions emanating from sg. For all other states the
ample sets are full. The reduced state space has 5 states: all states in the full space
except (0, 1).

The definition of a forming path [3, Def. 5.6] so <% --- requires that ag be
invisible (note there is a typo in the text: s; should presumably be a;), and that
the singleton set {ao} satisfies condition C1 from s, i.e., that nothing dependent
on ag can occur without ag occurring first. The singleton set {a} does not satisfy
the condition since § is dependent on « and 8 can occur before «. Similarly, {8}
does not satisfy the condition. Neither does {v}, since it is visible. So there is no
forming path departing from the initial state, other than the trivial path of length
0. There is also no forming path from the state (0, 1), by the same reasoning. So
there are no forming paths at all, other than the trivial paths of length 0. The
forming relation therefore consists of all pairs (s, s) where s is in the reduced space,
ie., all (s,s) except when s = (0,1).

In particular, [3, Lem. 5.11] is false for the state sg: there is no forming path
from sg to a fully-expanded state.

This also means the forming path relation from the full space to the reduced
space is not a visible simulation. For example, consider the edge sg 2 t, where
t = (0,1). If the relation is a visible simulation there must exist a path in the
reduced space from some state s’ = sg to t’ =t (given that the forming relation is
the identity), but this is impossible since ¢ is not in the reduced space. There may
be a visible simulation in this case but it is not the one defined by forming paths.
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