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ABSTRACT

Numerical computation has broad application to a variety of fields. Typically a
numerical method yields an approximation to an exact mathematical value, since pro-
grams cannot generally handle evaluation of continuous functions at all points. The
common way of creating such a method is to discretize continuous functions by restrict-
ing them to a mesh. Performing calculations on the mesh provides an approximation
to performing calculations on the original function. However, this introduces error.
While not the only source of error (round-off error in floating-point operations can be
a major consideration), the error in the method itself is in some sense more fundamen-
tal. In practice, programs utilizing these approximations often contain defects which
introduce additional error.

The order of accuracy of a numerical method relates the scheme’s error to the
discretization parameters. Scientists must know the accuracy of any numerical approx-
imation, and often prove that the method satisfies the claimed order of accuracy by
hand. However, the actual code to implement a method might be more complex and
veer from the abstract mathematics.

We show that the claimed order of accuracy of a numerical method imple-
mented in a C program can be (largely) automatically verified using formal methods.
The automation cannot be complete, because the problem is undecidable in general
and because the programmer must provide some annotations relating the code to the
underlying mathematics. These annotations can be kept to a minimum. We have
extended the Concurrency Intermediate Verification Language (CIVL) model checker
to verify the order of accuracy of a numerical computation. Our method requires an-
notating C code with information specifying the function and the order of accuracy

of the approximation. CIVL parses the annotations with the C code to form a model

xii



of the program. The model is symbolically executed, and techniques such as Taylor
expansion are then used to relate the program data to the mathematical function. The
verifier, with the assistance of a theorem prover, determines either that the assertions
hold at all states, or else that they may not hold. If the assertions may not hold, CIVL

provides diagnostic information.

Xlil
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Preliminaries



Chapter 1

INTRODUCTION

There are a variety of research avenues dealing with the specification and veri-
fication of numerical programs.

One avenue is equivalence checking. That technique takes two programs and
attempts to establish their functional (input-output) equivalence. Typically, one pro-
gram is “trusted” and serves as the specification of an algorithm, while the other is
a complex, optimized, possibly parallel, implementation. This is the main technique
used by TASS [67]. Equivalence checking can be effective for both floating-point and
real number notions of equivalence.

Another approach uses rich specification languages to formulate assertions and
code contracts concerning the numerical computations in a program. This is the ap-
proach taken by Frama-C [3]. The formulas can specify precise relationships between
inputs and outputs to functions, and can refer to both the floating-point and real se-
mantics of numeric operations; they can be verified using deductive techniques which
rely on automated theorem provers and/or proof assistants. This approach has been
particularly effective at verifying precise bounds on round-off errors.

One important aspect of numerical programs that has received relatively little
attention in these research efforts is the notion of order of accuracy. This concept
is essential to the analysis of a broad range of numerical programs, especially partial
differential equation solvers. The order of accuracy of an algorithm is an integer which
measures how quickly the solution computed using a discrete approximation converges
to the continuous mathematical solution as grid resolution increases. In particular,

order of accuracy deals with “discretization error” and depends solely on the real (not



floating-point) semantics of the code. Since discretization error often dominates the
error in numerical computations, it is seen as essential to get the order of accuracy
“right” before focusing on floating-point error.

Many journals have strict requirements concerning the order of accuracy of
methods presented in their submissions. The American Institute of Aeronautics and
Astronautics requires that any article appearing in one of its journals that deals with
the numerical solution to PDEs “should state the formal accuracy of the numerical
method for interior points as well as the formal accuracy of the numerical boundary

Y

conditions,” which should be “at least formally second-order accurate” and that “some
level of verification testing” be performed on implementations [1]. The Journal of Fluids
Engineering requires “[tJhe numerical method used must be at least formally second-
order accurate in space (based on a Taylor series expansion) for nodes in the interior
of the computational grid” [41]. Authors are usually expected to carry out testing-
based strategies which vary parameters in order to ascertain that the code meets the

theoretical order of accuracy, but these are subject to well-known limitations of testing

and cannot provide a proof.

1.1 Thesis Statement
Using symbolic execution and theorem proving techniques, it is possible to pro-
vide automatic formal verification of the order of accuracy of a numerical program.
We present a new technique, based on symbolic execution, for verifying the

claimed order of accuracy of a numerical method. Our solution involves

1. a new differential accuracy specification language, described in Ch. 6, and

2. the technique of symbolic differential accuracy verification, introduced in Ch.
7, which provides a method for verifying or refuting assertions expressed in the
differential accuracy specification language.

This technique takes as input an annotated C program implementing the method,
but it treats all of the floating-point computations in the programs as full precision

(mathematical) operations. The annotations specify the input-output signature of the



program, as well as accuracy claims, such as “the output u is 3'%-order accurate in
input = and 2°%-order accurate in input ¢.”
The remainder of this thesis is organized as follows:
e Ch. 2 gives some background and definitions of numerical accuracy.

e Ch. 3 discusses symbolic execution, which is the core technique used by the
verification tool.

e Related work not covered in Ch. 2 or 3 is mentioned in Ch. 4.

e Ch. 5 describes the CIVL model checker, which has been extended to support
symbolic differential accuracy verification.

e Ch. 6 presents the differential accuracy specification language.
e Ch. 7 describes the technique of symbolic differential accuracy verification.
e A brief overview of the organization of case studies is given in Ch. 8

e Several case studies of symbolic differential accuracy verification on programs
performing differentiation are presented in Ch. 9.

e A case study of a scheme for solving the heat equation is described in Ch. 10.
e Several case studies of solutions to the advection equation are given in Ch. 11.

e Ch. 12 makes some concluding remarks.



Chapter 2

BACKGROUND ON NUMERICAL ACCURACY

Numerical methods involve taking a problem from a continuous domain and
accurately approximating it using a discrete set of parameters. This discretization in-
troduces error. Analyzing this error is an essential component of any investigation using
a numerical scheme. In this chapter, we provide precise definitions for the numerical

concepts we wish to treat formally in programs.

2.1 Asymptotic behavior and order of accuracy
We begin by discussing the asymptotic behavior of functions. First we will look

at functions of one variable. The following are standard; see for example [44].

Definition 1 (Big-O). Let a > 0 and I = (0,a). Suppose we have two functions
¢o: I —-Rand: I —R. We write

¢(h) = O(¢(h)) as h =0

if there exist positive real numbers C and € such that |¢(h)| < Cl(h)| whenever 0 <

h <e.
In the following definitions, assume a > 0, I = (0,a), and D C R.

Definition 2 (Order of Accuracy). Let n be a positive integer. Given a function
f:D — R, consider a function g: D x I = R. Fizx € D. We say g is an n'* order

accurate approximation to f at x if

f(z) —g(x,h) = O(h™) as h — 0.



The idea is that the left hand side is approaching 0 at least as fast as h"™. The
order of accuracy quantifies the rate at which the numerical method will converge to
the exact solution as h decreases.

Notice that the constants in Def. 2 are dependent on the particular point x. A
stronger notion is of having a single € and C' for the entire domain. This is the concept

of uniformly n'* order accurate.

Definition 3 (Uniform Order of Accuracy). Let n be a positive integer, f : D — R,
and g : D x I — R. Define ¢ : I — R by

¢(h) = sup | f(z) — g(z, h)[.

zeD

We say that g is a uniformly n* order accurate approximation of f on D if
¢(h) =O(h™) as h — 0.

Clearly if ¢ is uniformly n** order accurate on f, then it is n** order accurate
at each point. However, the converse is not necessarily true. The stronger condition is

usually the desired one.

2.2 Example: estimating sin’(xz) with central differencing

Approximating the derivative of sin(z) is a simple example that illustrates the
meaning of order of accuracy. The technique we use for this is central differencing,
where the derivative at a point x is estimated as the slope of the line through the

values of the function at x — h and = + h. In this case D = R and

f(z) = cos(x) (2.1)
gz, h) = sin(x + h)z—hsm(x - h).

(2.2)

Fig. 2.1 depicts results of approximating the derivative of sin(z) using central
differencing. In Fig. 2.1(a), f(z) = cos(z) and g(z, h) are given for various values of h.

Fig. 2.1(b) gives the error

¢(x,h) = [f(x) — g(z, h)l (2.3)



for the same three values of h.

Per Definition 3 in order to see that g is a uniformly second order accurate
approximation of f on R, we need to show that there exist C' > 0 and ¢ > 0 such that
Vr e R

sin(z + h) — sin(x — h)
2h

¢(z, h) = |cos(x) — < Ch? (2.4)

whenever 0 < h < e. We claim we can take C' = 0.2 and ¢ = 1. In Appendix A we
show that

0.15h% < ¢(x, h) < 0.2h%. (2.5)

This proves that these values satisfy the condition required by Def. 3, and the lower

bound demonstrates that g is not a 3" or higher order accurate approximation of f.
Fig. 2.1(c) shows that 0.2 is a constant demonstrating that the approximation

is O(h?). Fig. 2.1(c) also shows that the approximation is not higher order, since there

is a lower bound on the error that is a constant times h2.

2.3 Grid approximations

Definition 3 is often used in the analysis of finite difference methods where the
solution is approximated on a grid. A grid is a discrete subset of the domain where
an approximate solution is computed. For example, a domain of interest might be an
interval D = [bg, b1]. One possible discretization of this domain is choosing m uniformly
spaced points to form A(h) = {by + hk|0 < k < m} where h = b;/m. Note that the
grid resulting from a smaller h is not necessarily a refinement of that resulting from
a larger h (e.g., the grid from h = 1/4 does not refine the grid from h = 1/3). For a
convergent scheme, the approximation converges to the exact solution on this discrete

set, as we refine the grid.
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Figure 2.1: Approximations of sin’(x) = cos(x) and resulting error ¢. Graph (a)
shows cos(z) and the approximations obtained using central differencing.
Graph (b) gives the values of ¢ for x € [0,2x] and h = 1,0.8,0.6. This
error is periodic with period 27. Graph (c) shows that ¢ at z = 7 is
O(h?). Tt also gives a lower bound on the error that is a constant times
h%. This shows that the error is not, for example, O(h?) or some higher
order.



Definition 4 (n' order A convergence). Let n be a positive integer, D C R, f: D —
R, a >0, and I = (0,a). Suppose A: I — p(D), where (D) is the set of all subsets
of D. Let S = ey (A(h) x {h}) € D x I. Suppose g: S — R. Define ¢: I — R by

¢(h) = sup |f(z) —g(x, h)|.

z€A(h)

We say g is a A-uniformly n'” order accurate approximation of f if
¢(h) = O(h") as h — 0.

Given the parameter h, A returns a subset of D that is the grid. For problems
of interest in our analysis, the grid will typically consist of evenly spaced points. We

are interested in a numerical method’s error as h goes to 0.

2.4 Functions of several variables
Functions of multiple variables may have different orders of accuracy in each

variable. This may be represented by a separate big-O term for each variable.

Definition 5. Let Iy = (0,a),l; = (0,b), with a,b > 0. Suppose we have functions
¢o:lyx Iy >R, ¢g: Ip = R, and ¢, : [; = R. We write

¢(h0, hl) = O<¢0(ho)) + O(¢1(h1)) as ho — 0 and hy — 0

if there exist positive real numbers Cy, C1, €g, €1 such that

|¢(ho, h1)| < Colho(ho)| + Cilihi ()]
whenever 0 < hg < €g and 0 < hy < €.

Definitions 2, 3, and 4 generalize to several variables in the obvious way. For
these definitions, we either give the accuracy for each variable separately or say the

approximation is accurate of order (ng,ni,...,ny).



Chapter 3
BACKGROUND ON SYMBOLIC EXECUTION

The main technique used by our verifier is symbolic execution [18,45]. Symbolic
execution is an abstraction of a program in which symbolic expressions are used in place
of concrete values. Our approach borrows ideas from abstract interpretation [20,21],
and is adapted from [67].

For symbolic execution, a program is first translated into a program graph,
which is an intermediate representation that captures the concrete semantics of the
program. Next, the program graph is extended to a symbolic transition system that
represents the symbolic semantics of the program. This chapter defines and provides
short examples of a program graph and a symbolic transition system, then discusses

the symbolic execution literature.

3.1 Program graphs and the concrete transition system
We describe a program graph. Our definition is based on [4, Def. 2.13].
Suppose V' is a set of program variables. A program graph over V is a tuple
consisting of:
1. A set of locations
2. A set of actions

3. An effect function which takes an action and a boolean-valued expression of the
variables in V' and produces a new evaluation of the variables

4. A conditional transition relation which describes the transition from one location
to another given a boolean-valued expression over V' and an action

5. A set of initial locations

6. A boolean-valued initial condition.

10



input int x,y;

int z;
1 if (x> 0) {
if (x> y)
3 zZ = X-Y;
else
4 z = xty
} else {
5 zZ = X
}

6 assert z >= 0;

Figure 3.1: Pseudocode for a simple program. The numbers on the left indicate
locations in the program.

A state s = (I,n) of a program graph comprises a location { and an evaluation
of variables n. The state is initial if [ is in the set of initial locations and the initial
condition evaluates to true under the variable values 1. The next-state function takes
a state s and a transition ¢ with start location [. If the boolean-valued expression in
t evaluates to true, the next-state function returns the state resulting from executing
the transition’s action. Otherwise, the next-state function returns the empty set.

Fig. 3.1 gives pseudocode for a simple program. The program has two input
variables, x and y, and one regular variable z. The set of locations is {1,2,3,4,5,6}
and the set of initial locations is {1}. A program graph for this example is given in
Fig. 3.2.

This notion of a program graph extends naturally to a parallel program by
having the location be a tuple whose components are the location in each thread or

process.

3.2 The symbolic transition system
The symbolic transition system is an interpretation of the program graph suit-

able for symbolic execution. It adds to the usual concrete values a set of symbolic

11
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Figure 3.2: A program graph for the program in Fig. 3.1.

constants. An initial value function assigns a unique symbolic constant to each vari-
able used as an “input” to the program in the initial state.

In the symbolic transition system, every expression is evaluated symbolically.
The evaluator works in a way that is consistent with the concrete evaluation. That is,
the same concrete value will be obtained by first symbolically evaluating the program
expression and then replacing each symbolic constant with a concrete value as would
be obtained by first replacing each symbolic constant with a concrete value and then
evaluating the concrete semantics of the program function.

A symbolic state is composed of a boolean-valued expression called the path
condition, a location, and a function mapping variables to the symbolic expressions
for their values. The path condition keeps track of branches and other assumptions
made during a particular path of symbolic execution of the program. The symbolic
next-state function is the natural analogue of the concrete next-state function in the
symbolic state space.

Fig. 3.3 shows all of the symbolic states encountered in the symbolic execution

of the program graph in Fig. 3.2. In the initial state, the path condition is true,
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Figure 3.3: Symbolic execution over the program graph in Fig. 3.2. The components
of the symbolic state are the path condition, the location, the value of x,
the value of y and the value of z. _ represents an undefined value.

the program is at location 1, and the initial value function has assigned the symbolic
constant X; to x and the symbolic constant X5 to y. Initially, z has no assigned value.
It will obtain a value during later transitions in the program. For example, consider the
right branch from the initial state. This is the false branch of the outer if statement.
When taking this branch, the path condition gets set to =(X; > 0) and the program
moves to location 5. The value of z is then set by the symbolic effect function during
the transition between location 5 and location 6. The lines given in red in the figure
indicate queries that must be verified by the theorem prover. These queries are all
from the assertion at location 6, and have the form ¢ = 2z > 0, where ¢ is the value of

the path condition and z is the symbolic expression for the value of z.

3.3 Concretization

There is a concretization map from the symbolic state space to the concrete
one. The concretization map takes a symbolic state and returns the set of all concrete
states which are represented by that symbolic state. We say that a symbolic state s is

vacuous if the concretization map applied to s returns (). A symbolic state is vacuous
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if and only if the path condition for that state is unsatisfiable. Two symbolic states s
and s’ are equivalent if their concretizations are identical.

Consider the symbolic state (X; > 0A X; > X5, 6, X7, X, X7 — X)) from Fig.
3.3. The path condition (X; > 0 A X; > X») is satisfiable, so the state is not vacuous.
It represents a number of concrete states where the program is at location 6. The

following list is just a few of the possible concrete states.

e r =2 y=-10, 2 =12

However, any concrete state where z < 0 or where z < y is not represented by this

symbolic state.

3.4 A brief history of symbolic execution

Symbolic execution was originally proposed in the context of program testing
[12,18,45]. Since then it has seen many extensions and generalizations, such as its
combination with model checking [26,43)].

The ability of symbolic execution to reason about all possible inputs to a pro-
gram gives it the capability to detect defects that could be missed even with extensive
testing on concrete inputs. Unfortunately, this capability comes with a cost. In or-
der to completely cover the execution space, every path through the program must be
symbolically executed. The number of paths is exponential in the number of branches,
and in general may be infinite, which hampers efforts to exhaustively explore all paths
with symbolic execution. In practice, many symbolic execution tools sacrifice com-
pleteness in order to obtain a reasonable runtime for their analysis by using techniques
such as random testing guided by control-flow graph analysis [13] or dynamic analysis
of program behavior [32]. These incomplete techniques are often effective at finding
bugs missed by standard testing, but of course cannot guarantee the code to be free of

defects.
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Another approach to reduce the path explosion problem is to use compositional
symbolic execution [63,72]. In this method, each path through a procedure is symbol-
ically executed only once. The results of symbolically executing individual procedures
are then combined along feasible paths through the program.

Several symbolic execution efforts in recent years have involved concolic testing
[49,62] or execution-generated testing [14,15,23]. In concolic testing, programs are
executed on a random concrete input, but the symbolic path condition is accumulated
over the execution path. Once the execution has completed, some component of the
path condition is negated, and a new set of concrete inputs is generated satisfying the
modified path condition. This process continues until some path coverage criterion is
met.

In execution-generated testing, the concrete and symbolic state components
are maintained separately. When executing the code, any statement involving only
concrete state components is executed concretely. The symbolic reasoning only comes
into play when a statement involves a symbolic state component.

In [24], it is observed that for certain safety properties, most paths through a
program are irrelevant. Sound path pruning algorithms can eliminate the majority of
paths through the program. The pruning can provide an exponential speedup for the
verification of those safety properties.

Probabilistic symbolic execution combines symbolic execution with model count-
ing to determine the probability of a path being taken [31]. A path’s probability can
provide guidance for where to focus verification and test generation efforts.

Comparative symbolic execution, the method combining model checking with
symbolic execution to verify the functional equivalence of two programs, was introduced

in [64,65]. This technique is used in [67] and is also supported in CIVL.
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Chapter 4

OTHER RELATED WORK

This chapter discusses some related work not covered in the previous background
chapters. The work falls into three categories: analysis of error in numerical software,
general model checking tools, and tools aimed at verifying properties of numerical

programs.

4.1 Error in numerical software

Numerical analysis is a broad field with many applications. In practice, the field
must address both the real mathematical error and stability of an algorithm and also
the error resulting from the use of floating point arithmetic [7, 33, 38].

Numerical approximation schemes are a crucial tool to provide solutions to hard
mathematical problems, and require careful analysis of their accuracy. Several methods
exist for analyzing accuracy and stability properties for various classes of problems.
These include the modified equation approach [75], backward error analysis [35, 55],
and grid convergence error analysis [59]. Often, an approximation scheme must handle
the boundary of a domain differently from the interior points. This requires additional
analysis of accuracy and stability [69]. For a parallel algorithm implemented using
domain decomposition, extra care must be taken to account for all boundaries of the
subdomains [56].

In addition to error resulting from approximation schemes, scientific program
results contain error introduced by the use of floating point operations. Early work
in this area by Wilkinson describes the error for some fundamental floating point

operations [76]. Scientists must not only be aware of floating point error, but often
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must adjust algorithms to mitigate it. Even simple operations such as summation can
be approached in different ways, with different resulting accuracy [37].

Combined, the mathematical and floating-point errors present significant chal-
lenges for scientists designing complex simulations [53]. Thus, a variety of approaches
for the validation and verification of numerical software have been employed. These
include the use of probabilistic information [34,73], error estimators [78], testing proto-
cols [68], method of nearby problems [61], and a range of other techniques [50,54,60].

One of the issues arising from rounding error is a possible effect on the conver-
gence of values. Work has been done on proving the correctness of algorithms in spite
of this problem. One approach is to specify requirements and use a computer algebra

system [28,29].

4.2 General model checking tools

SPIN [39] is one of the most widely-used model checking tools, and introduced
a large array of techniques to reduce the time and memory consumed by explicit state
model checking. For example, SPIN’s “collapse” compression algorithm allows global
states to share common process states to reduce the memory footprint.

Bandera [19] and the related tool Bogor [57] innovated many methods in software
model checking and were among the first tools to apply these techniques to Java pro-
grams. Bogor’s “collapse” compression extended SPIN’s technique by allowing states
to share sub-structures at various levels of the state hierarchy [58]. In Bogor, states are
encoded (typically as bit vectors) before being saved and/or checked for being seen,
to conserve memory. Also, instead of storing states on the DFS stack, Bogor stores
transitions, and a method to invert a transition to obtain the previous state is used
when popping the stack. (A similar technique is used by SPIN.) Essentially, this allows
Bogor to maintain only one uncompressed, mutable state during the search. In con-
trast, CIVL avoids the computational expense associated with compressing states and
inverting transitions by maximizing opportunities for sharing among stored states—at

every node in the state hierarchy, flyweighting is used to obtain a unique representative
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of the equivalence class for that node—and limiting the number of states saved and

pushed onto the stack.

4.3 Numerical program verification tools

Many tools exist for verifying properties of numerical programs. We mention
some relevant ones here.

ASTREE is an abstract interpretation-based static analyzer for a subset of
C [22]. Tt can reason precisely about floating-point and limited-precision integer arith-
metic and verify absence of many runtime errors, but does not deal with dynamic
memory allocation or recursion; its main applications have been to real-time embed-
ded software. Improvements to ASTREE have used linearization and symbolic con-
stant propagation to improve the precision of the numerical static analyses, resulting
in tighter bounds [51]. FLUCTUAT [25] is another Al-based static analyzer providing
information about rounding errors in C programs.

KLEE [23] is a symbolic execution tool for generating tests to improve test
coverage; it can also check functional equivalence in some cases. It differs from CIVL
in several ways. For example, it does not deal with parallel programs, and it uses “bit-
precise” reasoning instead of mathematical real arithmetic. The GKLEE [48] extension
to KLEE supports the analysis of C++ GPU programs.

Another tool using symbolic execution for test-case generation [42] is built on
top of the Java PathFinder model checker [74] and can handle dynamically allocated
structures and thread level parallelism. Java PathFinder also has a symbolic execution
extension called JPF-SE that generates tests and proves light-weight properties of Java
programs based on annotations of method specifications and loop invariants [2].

TVOC [6] is a tool for checking the correctness of compiler optimizations for
sequential programs; it takes a functional equivalence verification approach based on a
set of pre-defined transformation patterns. The Why/Krakatoa/Caduceus [10,30] and

Frama-C [3] frameworks provide a set of tools for checking Java and C programs. These
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use special comments or JML-style [47] annotations (specifications of pre- and post-
conditions for Java source code) to specify numerical accuracy requirements. None
of these tools applies to message-passing based parallel programs or the problem of
functional equivalence. Frama-C has also been used for verifying numerical C code to
function identically across multiple architectures and compilers [11]. ISP [71], on the
other hand, is geared specifically for MPI programs. It uses a modified runtime system
to explore all relevant interleavings, but like ordinary testing only operates on concrete
inputs, so cannot establish functional equivalence. MARMOT [46] is a tool to check
for race conditions, deadlocks, and other issues in MPI programs, but is not targeted
at general numerical properties.

F-Soft [40] is a model checking tool for C programs. It primarily checks for
various runtime safety properties, but can also check for satisfaction of user written
annotations. It does not currently support parallel codes. CBMC [17] is a bounded
model checker for C and C++ programs. It checks for runtime safety properties and
user specified assertions. BLAST [8,36] is a model checker for C programs that verifies
temporal safety properties and automatically generates test suites.

Model checking techniques have been used successfully in the verification of
safety properties and functional equivalence for mature scientific codes [66]. This
project connects the code to the original numerical scheme.

The results of a comprehensive formal verification of a 1d wave equation code
were reported in [9]. Using the Frama-C platform and various automated theorem
provers and proof assistants, the authors of that study produced a mechanized proof
of all correctness properties of the program, including converegence, order of accuracy,
and bounds on floating-point error. This work differs from ours in two significant ways.
First, many of the proofs required extensive interaction with the proof assistant. For
example, a 5000-line long Coq proof of method error was required (though around half
of this may be re-usable for similar problems), and 32 verification conditions required
Coq interaction to discharge. Second, the annotational burden is much larger than

in our approach: for example, there are 174 lines of annotations (including axioms,
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lemmas, and definitions) added to a program which is 32 lines of uncommented C
code (see http://fost.saclay.inria.fr/coq_total/dirichlet.c.html). In con-
trast, our method is fully automatic after adding the relatively small number of anno-
tations we have shown. On the other hand, the method of [9] provides an extremely
high level of assurance (a proof based on first principles, with no bounds on input

parameters), and deals with floating-point issues in addition to order of accuracy.
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Part 11

Symbolic differential accuracy verification
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Chapter 5

CIVL MODEL CHECKER

The original intention was to implement this project as an extension to the
Toolkit for Accurate Scientific Software [67]. We have since developed a more gen-
eral framework for software modeling called the Concurrency Intermediate Verification

Language (CIVL). The CIVL framework consists of:

e A programming language called CIVL-C, which is an extension of C that adds a
variety of useful features for verification, along with the ability to declare proce-
dures in any scope.

e A model checker which uses symbolic execution to verify a number of safety
properties of CIVL-C programs. It can also be used to verify that two CIVL-C
programs are functionally equivalent.

e A number of translators from commonly used languages and APIs to CIVL-C.
This part is still in progress.

We next discuss the CIVL-C input language, then give a description of the CIVL
model and the semantics of that model, and conclude this chapter with a discussion of

the features of the CIVL model checking tool.

5.1 CIVL-C

The input language to CIVL is called CIVL-C. CIVL-C is an extension to C
which includes a number of features useful for describing programs in a variety of
languages and for annotating programs with verification information.

Keywords specific to CIVL-C begin with a $ to avoid namespace collisions with

programs converted from other languages.
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5.1.1 CIVL-C types

CIVL-C includes the standard C types, plus a few additional primitives. Some-
times multiple C types map to a single CIVL type when the code is translated to a

model.

e Integer types All of C’s integer types (int, long, unsigned short, etc.) are
supported in CIVL-C. They map to a single integer type in the CIVL model
representation. The CIVL integer type represents the mathematical integers.
As such, arithmetic in CIVL models is not checked for overflow or underflow
by default. Assertions could be added to ensure that given quantities don’t
exceed a particular value. However, due to the symbolic nature of inputs, default
checking of overflows and underflows would cause numerous spurious error reports
whenever unconstrained symbolic values are used in arithmetic.

e Real types Similarly, all of the floating point types in C, as well as a new type
$real, map to a single real number type in the CIVL model which represents
the mathematical real numbers. When providing program specifications, it is
often desirable to write assertions equating various quantities. Under the se-
mantics of floating-point arithmetic, two quantities computed in different ways
(even with just different associativity) will almost never be equal. By treating all
floating-point values as mathematical reals, developers can more easily specify
the intended result of computations without worrying about bit-level details of
floating-point representations.

e Boolean type The type _Bool is supported. A variable of type _Bool can have
values 1 and 0, which are also denoted by $true and $false, respectively.

e Character type The char type is the same as C.

e Scope type CIVL-C has a type $scope which is the type of a reference to a
dynamic scope. It may be thought of as a scope ID, but is not convertible to an
integer.

e Proc type CIVL-C also has a type $proc which is the type of a reference to a
process. Like the $scope type, it is not convertible to an integer.

e Bundle type The CIVL-C $bundle type is used to hold an arbitrary contiguous
chunk of data.

e Pointer type Pointer types in CIVL-C are the same as in C.

o Array type Array types are as in C, and like C any indexes into an array type
are converted to pointer operations.

e Struct or union types Struct and union types are as in C.
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5.1.2 CIVL-C expressions
CIVL-C supports the standard C expressions (including pointer (de)referencing
and arithmetic) with the exception of bit-wise operations. In addition, there are a

number of new expressions that do not occur in C.

o Self The expression $self is an expression of type $proc evaluating to a reference
to the currently executed process.

e Here The expression $here is an expression of type $scope evaluating to a ref-
erence to the local most dynamic scope.

e Scope of The expression $scopeof (expr) evaluates to the dynamic scope con-
taining the object specified by expr.

e Spawn The expression $spawn f(exprl, ..., exprn) is an expression with side
effects. It creates a new process executing f with the given arguments, and
returns an object of type $proc that is a reference to the new process.

e Wait The system function void $wait($proc p) will block until the process
referenced by the expression p returns.

e Fxit The function void $exit(void) causes the calling process to immediately
terminate.

o Quantified expressions CIVL-C supports universal and existential quantifiers.
The syntax for a universally quantified expression is

$forall { type identifier | restriction} expr

where type is a type name, identifier is the name of the variable bound by
the quantified expression, restriction is a boolean expression expressing some
restriction on the values that the bound variable may take, and expr is a formula.
The quantified expression evaluates to true if and only if the formula is true
whenever the bound variable is within the range specified by the restriction.

In the case where the bound variable has integer type and ranges over a finite
interval of integers, it may be written as

$forall { identifier=lower .. upper } expr

where lower and upper are expressions.
Existentially quantifiers use the same syntax but with $exists instead of $forall.

For the purposes of accuracy verification, we have added a third quantifier called
uniform. Its syntax and semantics are described in Ch. 6.
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5.1.3 CIVL-C statements

CIVL-C supports all standard C statements. Among the additional statements
are assumptions and assertions.

The syntax of an assume statement is

$assume expr;

where expr is a boolean-valued expression. When an assume statement is encountered
during verification, the expression is assumed to hold. If the assumption later causes a
contradiction on some execution, that execution is simply ignored. A violation is not
reported, the contradiction just restricts the set of possible executions.

Assume statements can be used wherever a statement is expected, but can also
be used in the file scope of a program to place restrictions on global variables.

The assert statement is structured as a system function, and has the form

void $assert (_Bool expr);

When an assert statement is encountered, the verifier checks whether it can prove that
the expression must hold in the current context. If that proof obligation cannot be
discharged, a violation is reported.

The CIVL-C assert statement may take additional arguments to print a message
if the assertion is violated. The additional arguments take a form similar to C’s printf
statement: a format string, followed by some number of arguments which are evaluated

and substituted for successive codes in the format string. For example,

$assert (x<=B, "x-coordinate Yf exceeds bound %f", x, B);

Assumptions and assertions are critical tools for specifying the accuracy of nu-

merical programs.

5.1.4 Input/output specifications
CIVL-C has the additional type qualifiers $input and $output. These specifiers
can be used for any variables in the outermost scope of the program and indicate to the

verifier that the variable should be treated as an input or output to the program. Input
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variables may be read from but never written to. Output variables may be written to
but never read.
The description here only provides a subset of the elements of CIVL-C. For

further information, see [16].

5.2 CIVL model

The CIVL model is a “guarded command” style representation [27] that provides
simple primitives for dynamic process creation, function calls, nondeterminism, and
message-passing. It also adds to the usual model a notion of scopes, which have both
a static and a dynamic aspect, and is based in part on our previous model for Chapel
verification [79].

A CIVL model consists of the following components. First, there is a set 3 of
(static) scopes, which has the structure of a rooted tree with root 0. These correspond
to the lexical scopes in the source code, plus scopes that may be added to translate
complex statements. The root scope represents the outermost scope encompassing the
entire program. If 7 is a child of o, the lexical scope represented by 7 is immediately
contained in that represented by o.

The model associates to each o € X a set of typed variables and a set of function
symbols. We say these variables and function symbols are declared in o. All of these
sets are pairwise disjoint; in particular, the variables declared in ¢ do not include those
declared in any child of . We say a variable or function symbol is wisible in o if it is
declared in ¢ or an ancestor of o.

Types include boolean, real, int, char, arrays of any element type, a type scope
for scope IDs, and a type process for process IDs. In this paper, the real and int types
represent the mathematical real numbers and integers, though no fundamental changes
are required in the model to incorporate finite-precision or other types.

For each function symbol f declared in the model, there is a function scope,

which is a child of the scope in which f is declared. A scope can be the function scope
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of at most one function. The system function has oy as its function scope, and is the
only function that does not have a declaration scope.

Every scope o “belongs to” a unique function: if o is the function scope for
some f then o belongs to f, else o belongs to the function to which the parent of o
belongs.

The model associates to each function symbol f a function signature, which
consists of a return type (possibly “void”) and a sequence of parameter types. Finally,
there is a program graph associated to f. The program graph includes a set of locations,
including a start location. Each location [ has an associated scope Iscope(l) which
must belong to f; there is no other restriction on Iscope(l). The location also has some
number (possibly 0) of outgoing transitions. Each transition comprises (1) a guard, a
boolean-valued expression specifying when the transition is enabled, (2) a destination

location, and (3) an atomic CIVL statement.

5.3 CIVL composite model

CIVL can compare two CIVL-C programs for functional (i.e. input-output)
equivalence. In order to accomplish this, a composite model must be created. CIVL
can then run the verification algorithm on the composite model. Currently, the com-
posite model must be constructed manually. However, the capability to automatically
construct the composite model is under development. This section describes the al-
gorithm that will be used in the automatic composite model construction, which will
be available in an upcoming CIVL release. The manual construction follows much the
same pattern. We refer to the first program provided for comparison as the specification
program, and the second as the implementation program.

The first step in creating a composite model is building models for the specifi-
cation and implementation programs. Next, the system functions for the specification
and implementation models are renamed. CIVL will then create a new system function

to wrap the renamed functions. The body of this new system function will spawn both
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$input int nj; $input int n;
Soutput double x; $input int m;
$output double x_spec;
double f() { $output double x_ impl;
} void system spec() {
double f() { ...
£(); }
£();
}
$input int n; void system impl() {
$input int m; double f() { ...
Soutput double x; }
£();
double f() { }
e $proc p0 = $spawn system spec();
} $proc pl = $spawn system impl();
$wait(p0);
£(); $wait(pl);
$assert x_spec == x_impl;

Figure 5.1: Conversion of two CIVL models to a composite model for comparison.
top left: a specification program; bottom left: an implementation using
a superset of the inputs of the specification; right: a composite model
constructed form the specification and implementation.

the specification and implementation system functions, then wait for each to finish.
What remains is to handle program inputs and outputs.
As discussed in Sec. 5.1, variables in the outermost scope of a CIVL-C program

may be specified as $input or $output variables. CIVL requires that
1. corresponding input and output variables have the same name

2. the input variables to the specification are a subset of the input variables to the
implementation

3. the sets of output variables for the specification and implementation are the same

In constructing the composite model, CIVL will move the input variables from
the specification and implementation models to the new system function. Whenever
the same input variables exist in the specification and implementation, they are unified
into a single variable in the new model.

CIVL will rename each output variable in the specification and implementation

and move them to the new outermost scope. After the wait statements for the processes
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executing the specification and implementation system functions, the composite model
system function has a series of assertions checking the equivalence of corresponding
output variables.

Fig. 5.1(right) gives an example of a composite model formed from the two
models on the left. The specification has an input variable n and an output z. The
implementation has two input variables, n and m, and an output x. These variables
meet the three requirements on input and output variables. The composite model
shows the renamed system functions and output variables, and the unified set of input

variables.

5.4 CIVL model semantics
A state of a CIVL model is a tuple composed of

1. a set of dynamic scopes
2. the root dynamic scope
3. a mapping from each dynamic scope to its parent in the dynamic scope tree

4. a mapping, called static from each dynamic scope to the corresponding static
scope

5. a function assigning a valuation to each variable in each dynamic scope
6. a set of process IDs

7. for each process, a stack of 0 or more frames, where each frame gives a location
and a corresponding dynamic scope.

The mapping from dynamic scopes to static scopes preserves the static scope
tree structure. That is, if § is a dynamic scope with parent ¢’ in the dynamic scope
tree and o = static(d), then o’ = static(d') is the parent of o in the static scope tree.

Figure 5.2(right) shows a state of the model to its left. This state has two
dynamic scopes which are instances of scope 1, no instance of scope 3, and 1 instance
of each of the remaining scopes. There are 4 processes, whose call stacks are illustrated

(the locations are not shown).
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$input int n; // scope 0
Soutput int m;
void f() { // scope 1
int g(int i) { // scope 2
if (i > 0) { // scope 3
int k;

} eIse { // scope 4
}
}

void h(double x) { // scope 5 4

}
} o

scope 0

econe 0 ) 7 S

variables: n,m i?;pri g
functions: f [o0] )
——
i — o=l , — .
scope 1 _ scope 1 scope 1
functions: g,h o
\& /, \& /,
—
' N N\ 2 N 2 N 2
scope 2 scope 5 scope 2 scope 5 <_|p:|
variables: i variables: x i-4 x:3.14
& J J \ /, \ J,
———— [
N N\ p3 2 3\
scope 3 scope 4 scope 4
variables: k [ L
& J J \ J,

Figure 5.2: CIVL scopes. left: partial code for a CIVL program with lexical scopes
numbered; center: the static scope tree; right: a state consisting of 4
processes and 6 dynamic scopes.

(a)

p0

(b) () (d)

Figure 5.3: Jump protocol. (a) a static scope tree; (b) a dynamic scope tree; p; is
about to move from a location in scope 3 to a location in scope 8; (¢) new
dynamic scopes are added corresponding to the path from scope 1 (the
join of 3 and 8) to 8; (d) dynamic scopes 2 and 3 became unreachable
and so were removed.
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When control moves from one location to another within a function’s transition
system, the scope may change. When this happens, new dynamic scopes are created
and added to the state. This is carried out in such a way that the correspondence
between dynamic and static scopes is preserved. The protocol requires computing the
“join” in the static scope tree of the old and new scopes, considering the path from the
old scope to the join to the new scope, and then creating a corresponding structure in
the dynamic tree; see Fig. 5.3(a-c).

A dynamic scope s is reachable from a process p if
1. s is referenced in some frame of p’s call stack, or

2. s is the parent of a dynamic scope s’ that is reachable from p.

When a dyscope is not reachable from any process, we say that it is unreachable. Such
a dyscope may be removed form the state; see Fig. 5.3(d).

If a call or spawn of a function f is executed in dynamic scope 9, then since f
is visible, it must be the case that f is declared in static(d’), where ¢’ is either § or an
ancestor of . A new dynamic scope is created whose parent is ' and whose scope is
the function scope of f. A new frame is ceased referring to the new dynamic scope.
For a function call, the frame is pushed onto the existing stack; for a spawn, a new
process is created whose stack consists of the single frame.

If a process has terminated and there are no references to that process in the
state, it can be removed from the state.

When dynamic scopes or processes are removed from the state, scope IDs and

process IDs are renumbered to put the state into a canonical form.

5.5 CIVL tool
The CIVL model checker is a tool written in Java for the verification of CIVL-C
programs. It performs model checking with symbolic execution on CIVL models. It

utilizes the following components:

e ABC. ABC is a Java-based C front-end. It provides a preprocessor and parser
for C programs. ABC has been extended to also parse CIVL-C.
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Properties hold or
Counterexample

CIVL-C source ' ABC

Figure 5.4: Data flow through the CIVL model checker.

o GMC: The Generic Model Checker. GMC is a package that provides interfaces
and basic search capability for model checking.

e SARL: The Symbolic Algebra and Reasoning Library. SARL is a library for
creating, manipulating, and reasoning about symbolic expressions.

To verify a program, CIVL uses ABC to parse the CIVL-C source and create
an abstract syntax tree. This AST then undergoes some analysis and transformation,
and is converted into a CIVL model. CIVL has a representation of the state of a
CIVL model and transitions between states. Values of state components are symbolic
expressions, which are manipulated using SARL. GMC provides the functionality of
searching the state space. After exhaustively exploring the state space, CIVL will
either report that all specified properties hold or else provide a counterexample. Fig.
5.4 depicts the organization of CIVL.

When the CIVL model checker runs or verifies a CIVL-C program, it checks

that the program is free of a variety of errors. These include:

e Deadlocks
e Assertion violations

e Division by 0
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Illegal pointer dereferences

Out-of-bounds array indexes

Invalid casts

Use of uninitialized objects.

The CIVL tool runs from the command line in OS X or Linux, and has several

commands:

e help: print usage information

e run: run the program using random simulation

e verify: verify the program

e compare: compare two programs for functional equivalence

e replay: replay a program trace

e parse: show the result of preprocessing and parsing the file

e preprocess: show the result of preprocessing the file only.

For full information on available CIVL commands, see App. B.
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Chapter 6

DIFFERENTIAL ACCURACY SPECIFICATION

We present a new differential accuracy specification language, which adds sev-
eral elements to the CIVL specification language. The new quantifier $uniform was
mentioned above. The other enhancements are abstract functions, derivatives, and big
O expressions. Great care was taken in crafting these annotations to provide program-
mers with easy and readable ways to express the information necessary for verifying

the order of accuracy.

6.1 Abstract functions and derivatives
Abstract functions are functions that have no body, but are used to represent
the mathematical notion of a function (rather than the program notion). The syntax

for an abstract function is
$abstract contin( int ) type name ( param_list );

where int is an integer indicating the number of partial derivatives that exist and
are continuous, type is the return type of the abstract function, name is the name
of the abstract function, and param_list is a (possibly empty) comma-separated list
of parameter declarations. The contin(int) can be omitted when the value of the
continuity is 0.

Abstract functions can be used in combination with assume statements to ex-
press the relationship between input variables to the program and the mathematical
function whose results those input variables are representing. They are also useful for
modeling functions performing mathematical computations (such as those described in

C’s math.h) without being dependent on a specific implementation.
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Of course, when reasoning about numerical solutions to partial differential equa-
tions, a notion of abstract functions is insufficient. One also needs to refer to derivatives
of those functions. We use notation somewhat similar to Mathematica [77], and spec-
ify a derivative by its function and the number of partial derivatives in terms of each

parameter to the function. The syntax for a derivative expression is
$D [func, partial_list] Carg_list)

where func is the name of the abstract function whose derivative is being taken, par-
tial_list is a comma separated list of partials specified by the form {wvar,int}. For each
partial, var is the name of the parameter and int indicates how many partial deriva-
tives to take in terms of that parameter. Finally, arg_list is a comma separated list of
expressions that are arguments to the function evaluation. The type of a derivative

expression is the return type of the abstract function.

6.2 Big-O expressions

We have added a big-O expression. The big-O expression has the form $0(ezxp).
It represents the condition in Def. 1. Big-O expressions can be used in assumptions and
assertions. They are also added automatically as a component of Taylor expansions in
our modifications to the CIVL verifier. The verifier is aware of various properties of big-
O expressions, which allows them to be used in polynomial arithmetic. In particular,

the verifier knows that

e for an expression z and integer n > 0, xO(2") = O(2™!), and

e for an expression x, integer n > 0, and constant integer i, iO(z") = O(z").

6.3 The uniform quantifier
The $uniform quantifier has the same syntax as the existential or universal

quantifiers. Its general form is

$uniform {decl=lower .. upper} expression = O-expression,
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where decl declares the name of a variable v, lower and upper are expressions bounding
the values of v. $uniform indicates that the constant C' (from Def. 1) in the big-O

term is independent of any local variables or any values inside of the big-O.
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Chapter 7
SYMBOLIC DIFFERENTIAL ACCURACY VERIFICATION

The technique of symbolic differential accuracy verification is based on sym-
bolic execution. It uses symbolic representations of elements of the new specification
language and heuristics to automatically add assumptions relating specified abstract
functions evaluated at certain points to their Taylor expansions.

Every abstract function is represented by a unique symbolic constant. The
symbolic constant has a type which is a symbolic representation of a function type. A
symbolic function type has a list of input types corresponding to the function param-
eters, and a return type. Although an abstract function has no body, it can still be
“called.” An abstract function call expression looks like a regular program function call,
but returns a symbolic expression representing the application of the abstract function
to the arguments. The type of the abstract function call is the same as the return type
of the function, and an abstract function call can occur anywhere an expression of that
type is permitted.

As described in Ch. 6, derivative expressions take an abstract function and a
list of partials, as well as an argument list. Each particular derivative (that is, each
combination of an abstract function and a given set of partials) is represented by a
unique symbolic constant. A derivative expression is then evaluated in the same way as
an abstract function call expression, with the type of the resulting symbolic expression
again being the return type of the abstract function. Note that the reasoner, upon
encountering an abstract function call expression and an expression for a derivative
of that abstract function, has no inherent way of knowing that the two are in any

way related. A derivative expression is just an application of a different function to
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some list of arguments. Any relationships between functions and their derivatives are
explicitly inserted into the model as assumptions.

During the symbolic execution, a big-O expression also gets translated to a type
of abstract function call. In order to capture the semantics of arithmetic with big-O
terms, abstract function calls to the symbolic constant representing big-O are handled
in special ways in some cases. The reasoner recognizes the patterns described in Sec.
6.2.

Having described the symbolic evaluation of abstract functions, derivatives, and
big-O terms, what remains is to modify the model with extra information to relate these
notions. One of the features of CIVL-C is the $assume statement, which allows the
programmer to provide information to the verifier. Our technique uses heuristics to
analyze existing $assume statements containing abstract function call expressions and

to add new information to the model. The general procedure is

1. find assume statements containing abstract function calls

2. generate appropriate Taylor expansions based on the form of the assumption and
the abstract function declaration

3. add new assumptions about the Taylor expansions to the model.

In step (2), the verifier applies some heuristics to generate the expansions. There
are two heuristics used in the analysis, a spatial argument heuristic and a time argu-
ment heuristic. Whenever an $assume statement is added to the model, the assumed
expression is examined to determine whether it contains an abstract function call. Only
limited types of expressions are checked. The verifier recursively examines all argu-
ments to binary and quantifier expressions and collects a list of the abstract function
calls encountered. The recursive check terminates on any other type of expression.
During the recursive check, quantifier expressions are also accumulated.

Each of the collected abstract function calls is then processed. For each function
call, all arguments are checked to see whether they match either the spatial argument

heuristic or the time argument heuristic. The spatial argument heuristic matches
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arguments of the form v, * expr or expr * v,, where v, is one of the variables bound by
a quantifier and expr is any other expression. The idea behind the spatial argument
heuristic is that a quantifier will often be used to relate an abstract function call at
successive grid points to the values in an array or other data structure.

The time argument heuristic matches arguments of the form v; * vy or vy * v;,
where v; is a variable of integer type and vy, is an input variable. The intuition behind
the time argument heuristic is that in an iterative numerical scheme, the time argument
to an abstract function call is usually an integer counter (v;) times the size of a time
step (var).

For each abstract function call argument that matches one of the heuristics,
new assumptions are created and added to the model describing a truncated Taylor
expansion around that argument. Whenever an expansion around an argument is
added, all other arguments are kept the same as the original call. Since other arguments
may contain variables bound by quantifiers, the new Taylor expansion expression is
nested inside duplicates of all of the previously accumulated quantifiers.

Suppose an abstract function call for a function f with continuity ¢ has an
argument matching the spatial heuristic. Then the call is of the form f(..., v, *xexpr, ...).

Two new assumptions will be added. They are

1=c—1 i
floy(vg+ 1) xexpr,..) = ( Z fO(.., vq; expr, ”')expr") + Ofeapr) (7.1)
i=0 '
! SFO( vy % expr, ) ,
fly(vg—1) xexpr,..) = Z (—1) ’ qi' —expr’ | + O(expr®) (7.2)
i=0 '

where f@ indicates the i derivative of f.

Suppose an abstract function call for a function f has an argument matching
the time heuristic. The the call is of the form f(...;v; * vg,...). One new assumption
will be added. It is

f’(..., Vi * Vgt, )
2

Fl i+ 1) % vg,...) =f (s v k Vg, ..) + vg + O(v3,) (7.3)
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The heuristics currently in use are relatively simple, but are able to provide
sufficient information for the analysis of many finite difference schemes. Future work
may involve additional static analysis to support more complex heuristics.

In the next part, we present a number of case studies and describe their mathe-

matical analysis and the representation of accuracy claims in the specification language.
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Part I11

Case studies
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Chapter 8

CASE STUDIES INTRODUCTION

This part examines the application of symbolic differential accuracy verification

to a number of representative numerical codes. Each case study presents

1. the mathematical analysis that a mathematician or developer might do to prove
that the algorithm is n** order accurate

2. an excerpt of code implementing the algorithm, including differential accuracy
specification annotations

3. a description of the symbolic differential accuracy verification steps performed by
CIVL.

Note that (1) is independent of the code, but an understanding of the mathe-
matical analysis is a prerequisite to writing a numerical program and making a claim
about its accuracy (regardless of whether any formal verification of that accuracy will
be attempted). Symbolic differential accuracy verification does not release the pro-
grammer from the obligation of performing the manual analysis. What is does instead
is utilize the information from that mathematical analysis to provide a level of assur-
ance that the code does indeed faithfully implement the technique to the claimed order
of accuracy. The differential accuracy specification needed to enable the verification is
not difficult to extract from the mathematical analysis. Symbolic differential accuracy
verification takes the specification annotations and automatically applies techniques
similar to the manual mathematical analysis to prove that the assertions hold. CIVL
is able to verify that the assertions hold (with the exception of some erroneous versions

that are mentioned, where the assertions fail as expected).
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Chapter 9

DIFFERENTIATION

This chapter presents several case studies on various methods for differentiation

in one and two dimensions.

9.1 First derivative, backward
Our first case study is a backward difference approximation to the first deriva-
tive. The backward finite difference method approximates a derivative at a point using

that point and the left neighbor.

9.1.1 Mathematical analysis
Let p: R — R be two times differentiable and assume there exists M > 0 such

that |p”(x)| < M for all x. A discrete approximation of the derivative is given by

g(x, h) = pl) = plz = h). (9.1)
h
x-h X "

Figure 9.1: Backward differencing approximates the derivative of p(z) as the slope
through the points (x — h, p(x — h)) and (z, p(x)).
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In Definition 3, f(z) = p'(x). We claim that ¢ is a uniformly 1% order approxi-
mation for f on R. To verify, we use Taylor polynomials with Lagrangian remainders.
Given z € R and h > 0, there exists £ € [x — h,x + h] such that

o — 1) = pla) = o (@) + 50 (R

From this we conclude

pla) — Z(w —h J(z)| = "l < Ly,

2 2

We see that the difference between the discrete approximation and the exact deriva-
tive is bounded by a constant times h, and thus g is a uniformly 1! order accurate

approximation of f on R.

9.1.2 Specification

Fig. 9.2 is an excerpt of CIVL-C code for the backward finite difference scheme
for differentiation. The code takes as input h and an array which holds values of the
function at the points ih, where i € Z and 0 < i < n. These points form the grid A(h)
from Definition 4. The values stored in result at the end are the output of g,. Since
backward differencing cannot be performed on the left end of the array, we use forward
differencing at the first position.

Three annotations are needed to provide the differential accuracy specification.
Line 4 is a declaration of the abstract function p, which is declared to have 2 continuous,
bounded derivatives. The assumption at line 7 relates the values in the input array y
to the function p. Line 13 is the assertion about the relationship between result and
the actual derivative. Note the $uniform quantifier at line 13, which indicates that
the code is A-uniformly 1% order accurate.

By applying the symbolic differential accuracy verification technique to the given
annotations, the verifier can automatically add information about Taylor expansions of
p to the model, and then prove that the results computed by the code are A-uniformly

1%t order accurate.
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1 $input double h;

> $input int num_elements;

3 $assume h > 0;

4+ $abstract $contin(2) $real rho($real x);

¢ void differentiate(double h, int n, double y[], double result[]){

10
11
12

13

14 F

$assume $forall {m=0 .. n-1} y[m] == rho(m*h);
for(int i = 1; 1 < n; i++) {
result[i] = (y[i]-y[i-11)/h;
}
// forward at endpoint
result[0] = (y[1] - y[01)/h;
$assert ($uniform {k=0 .. n-1} resultl[k]-$D[rho,{x,1}] (kxh) == $0(h));

Figure 9.2: Annotated CIVL-C code for differentiation. The code does backward

differencing on the array except for index 0, where it does forward differ-
encing.

9.1.3 Verification

Consider lines 4 and 7 from Fig. 9.2:

$abstract $contin(2) $real rho($real x);

$assume $forall {m=0..n-1} y[m] == rho(m*h);

From the declaration of the abstract function the verifier knows that two deriva-

tives of p exist and are continuous. The assumption provides a clue about which points

to expand around. In this case, the verifier recognizes the argument to the abstract

function as matching the spatial argument heuristic. The new assumptions will quan-

tify over the same range, and expand around points (m + 1)h and (m — 1)h. The

automatically generated assumptions are:
$assume $forall {m=0..n-1} rho((m+1)*h)==rho (m*h)+$D[rho,{x,1}] (m*h)*h

+$0(h*h) ;

$assume $forall {m=0..n-1} rho((m-1)*h)==rho(m*h)-$D[rho,{x,1}] (mxh)*h

+$0(h*h) ;
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x-h X x+h

Figure 9.3: Central differencing approximates the derivative of p(x) as the slope
through the points (z — h, p(z — h)) and (z + h, p(x + h)).

These assumptions are added to the model immediately following the assump-
tion at line 8. Recall that a $assume statement adds the expression to the path
condition. Thus the Taylor expansions are carried in the path condition throughout
the remainder of the program. The information isn’t needed until the evaluation of the
assertion at line 13. At this point the theorem prover is able to use these assumptions
that are encoded in the path condition to prove the assertion. The actual query passed
to the prover for a CIVL verifier run on this program is given in App. C. In the query,
BIG.0 is the big-O function and rhox1 is the first derivative of rho with respect to x.
It should be stressed that the query is automatically generated during symbolic differ-
ential accuracy verification, and is the tool’s response to the few lines of annotation

provided.

9.2 First derivative, centered

Our next case study is a centered difference approximation to the first derivative.

9.2.1 Mathematical analysis
Let p : R — R be three times differentiable and assume there exists M > 0 such

that [p”(z)| < M for all x. A discrete approximation of the derivative is given by

ple+h) — plz—h)
2h '

gla,h) = 9.2)
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In Definition 3, f(z) = p/(z). We claim that g is a uniformly 2"¢ order approxi-
mation for f on R. To verify, we use Taylor polynomials with Lagrangian remainders.

Given z € R and h > 0, there exist &,& € [x — h,z + h] such that

p(x + ) = pl(z) + ()b + <" (2)h2 + =p" (1)1

2 6
o = h) = pla) = (@) -+ 50" ()2 — <" (@)

From this we conclude

ple+h) = plz —h)

p"(&) + (&)l
2h

12

1
— ()| = < 6MhQ.

We see that the difference between the discrete approximation and the exact deriva-
tive is bounded by a constant times h?, and thus ¢ is a uniformly 2"¢ order accurate

approximation of f on R.

9.2.2 Specification

Fig. 9.4 is an excerpt of CIVL-C code. As in Sec. 9.1, the code takes as input
h and an array which holds values of the function at the points ih, where ¢ € Z
and 0 < ¢ < n. These points form the grid A(h) from Definition 4. The values
stored in result at the end are the output of g;. Since central differencing cannot be
performed on the endpoints, we use forward and backward differencing at the first and
last positions, respectively. These are first order accurate methods. Hence the result
is not A-uniformly second order accurate. Instead we will only consider points in the
interior of the domain, which we will call A’. Define A’'(h) = {ih|]1 <i<n—1}. All
points in A’ are then computed using central differencing. Note that the bounds on i
are the same as the bounds on the quantified variable k in the assertion at line 13.

Line 4 is a declaration of the abstract function p, which is declared to have
3 continuous, bounded derivatives. The assumption at line 7 relates the values in
the input array y to the function p. Line 12 is the assertion about the relationship
between result and the actual derivative, namely that the code is A’-uniformly 27¢

order accurate.
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1 $input double h;

> $input int num_elements;

3 $assume h > 0;

4+ $abstract $contin(3) $real rho($real x);

¢ void differentiate(int n, double y[], double result[]){

7 $assume $forall {m=0 .. n-1} y[m] == rho(m*h);

s for(int 1 = 1; 1 < n-1; i++)

0 result[i] = (y[i+1]-y[i-1])/(2xh);

w result[0] = (y[1]1-y[0])/h;

u  result[n-1] = (y[n-1] - y[n-2]1)/h;

12 $assert($uniform{k=1..n-2} result[k]-$D[rho,{x,1}] (k¥h)==3$0(h*h));
13}

Figure 9.4: Annotated CIVL-C code for differentiation. The code does central dif-
ferencing on the interior of the array and forward /backward differencing
for the endpoints.

9.2.3 Verification

Lines 4 and 7 in Fig. 9.4 look verify similar to the corresponding lines in Fig.

9.2:
$abstract $contin(3) $real rho($real x);
$assume $forall {m=0..n-1} y[m] == rho(m*h);

In the backward differencing case, the function rho was specified to have two
continuous derivatives. In the centered example, three continuous derivatives are spec-
ified. It is, of course, possible to apply these programs to the same rho. By declaring
the minimum number of continuous derivatives that must exist for the analysis of
the numerical method, the programmer assists the tool in choosing the correct Taylor
expansions. The argument to rho in the assumption at line 7 matches the spatial

argument heuristic, so the automatically generated assumptions for this program are:
$assume $forall {m=0..n-1} rho((m+1)*h)==rho (m*h)+$D [rho,{x,1}] (m*h)*h

+$D [rho, {x,2}] (m*h) *h*h/2+$0 (h*h*h) ;
$assume $forall {m=0..n-1} rho((m-1)*h)==rho(m*h)-$D[rho,{x,1}] (mxh)*h
+$D [rho, {x,2}] (m*h) *h*h/2+$0 (h*h*h) ;
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When the verifier encounters the assertion at line 12, it is able to use the as-
sumptions to verify the assertion holds. Recall that this example is only second order
accurate on A’, not on the whole domain. If the assertion is modified to include the

endpoints, the tool correctly reports that the properties may not hold.

9.3 Second derivative
We next consider approximating a second derivative using central differencing.
The analysis is similar to Section 9.2 above, but requires an additional term in the

Taylor expansions of p.

9.3.1 Mathematical analysis
Let p: R — R be four times differentiable. Suppose there exists M > 0 such
that |p""(x)] < M for all x. The approximation is given by

p(x +h) —2p(z) + p(z — h)

gz, h) = 3 (9.3)

In Def. 3, f(x) = p”(z). We claim that g is a uniformly 2"¢ order approximation
for f on R. To verify, we use Taylor polynomials with Lagrangian remainders. Given

x € R and h > 0, there exist &1,& € [x — h,x + h] such that

o+ 1) = pl() + P (@)h + =" (@)h% + =" ()R + = " (1)

2 6 24
1 1 1
ol = ) = pla) = g (@) -+ 5o (@) = Sp" (@) + 5 ("
From this we compute the accuracy:
ple+h) —2p(x) + p(x —h) p"(6) + 0" (&) _ 100
— = < _M .
h2 p() 24 s Mh

We see that the difference between the discrete approximation and second derivative
is bounded by a constant times A2, and thus ¢ is a uniformly 2" order accurate ap-

proximation of f on R.
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1$input double h;

>$input int num_elements;

s$input double initial [num_elements];

1$abstract $contin(4) $real rho($real x);

s$assume h > 0;

6

7void secondDerivative(double h, int n, double y[], double result[]){
s $assume $forall {m=0 .. n-1} y[m] == rho(m*h);

o for(int 1 = 1; 1 < n-1; i++)

10 result[i] = (y[i+1]-2xy[i]l+y[i-1])/(h*h);

1 result[0] = (y[2]-2xy[1]1+y[0])/h;

12 result[n-1] = (y[n-3] - 2*y[n-2]-y[n-1])/h;

13 $assert($uniform{k=1 .. n-2} result[k]-$D[rho,{x,2}] (k*h)==$0(h*h));
14}

Figure 9.5: Annotated CIVL-C code for second derivative. The code does central dif-
ferencing on the interior of the array and forward /backward differencing
for the endpoints.

9.3.2 Specification

Fig. 9.5 is an excerpt of the CIVL-C code for computing the second derivative.
As in Sections 9.1 and 9.2, the code takes the grid separation A and an array of inputs
holding the values of p(ih).

Line 4 is the declaration of the abstract function p. Unlike the previous example,
p is specified here to have four continuous derivatives. In practice this p might be the
same p as the differentiation examples, but specifying four continuous derivatives gives
the verifier a useful hint on how many terms to create in the Taylor expansions. The
assumption at line 8 tells the verifier the relationship between the array values and the

function p. Line 13 asserts that the approximation is uniformly 2"¢ order accurate in

h.

9.3.3 Verification
The second derivative code is a natural extension of the centered first derivative.

An additional term is needed in the truncated Taylor expansion in order to prove the
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result, and thus Line 4 in Fig. 9.5 indicates four continuous derivatives. The argument
to the abstract function call in the assumption at line 13 matches the spatial argument

heuristic. The automatically generated assumptions are:
$assume $forall {m=0..n-1} rho((m+1)*h)==rho(m*h)+$D[rho,{x,1}] (mxh)*h

+$D [rho, {x,2}] (m*h) *h*h/2+$D [rho, {x,3}] (m*h) *h*hxh/6+$0 (h*h*h*h) ;
$assume $forall {m=0..n-1} rho((m-1)*h)==rho(m*h)-$D[rho,{x,1}] (m*h)*h
+$D [rho, {x,2}] (m*h) *hxh/2-$D [rho, {x,3}] (m*h) *h*hxh/6+$0 (h*h*hxh) ;

9.4 Laplace Operator

The Laplace operator V? is a differential operator that is useful for describing

a wide range of problems in mathematics, science and engineering.

9.4.1 Mathematical Analysis

The two-dimensional cartesian form of the Laplace operator is
0%u N 0%u
ox? Oy’

Using a grid size of h in both dimensions, the Laplace operator can be approxi-

Vu =

mated using a finite difference scheme on the five point stencil shown in Fig. 9.6. The

approximation is given by

u(x — h,y) +ulr,y —h) —4du(z,y) + u(x + h,y) +u(z,y + h
g<x7y’h)z( y) +u(r,y —h) (hzy) ( y) ulz,y+h)

The truncated Taylor polynomials used here are analogous to those in Section
9.3, but expansions must happen about u(z,y) in both the x and y directions. Sub-
stituting the appropriate expansions into the finite difference scheme and simplifying

shows that the approximation is O(h?) accurate.

9.4.2 Specification
Code for computing the Laplace operator is given in Fig. 9.7. The abstract func-

tion ¢(z,y) is declared at line 6. It indicates that four bounded, continuous derivatives
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Figure 9.6: Five point stencil for the 2D Laplace operator.

may be taken. The assumption at line 7 equates elements in the two-dimensional
array u to values of the abstract function. Note that variables from the quantifiers
are involved in both arguments to ¢. That information assists the verifier in making
choices about which Taylor polynomials to create. Lines 14-15 assert that the result

is uniformly 2" order accurate in h.

9.4.3 Verification
The code at lines 6 and 7 in Fig. 9.7 leads the verifier to create more and higher

order Taylor polynomials.

$abstract $contin(4) $real phi($real x, $real y);

$assume $forall{m=0..rows-1} $forall{n=0..cols-1} ul[m] [n]==phi (m*h,n*h);

The specification of four continuous derivatives in the definition of ¢ tells the
verifier to expand the Taylor polynomial until the O(h?*) term. In this case, both
arguments to the abstract function call match the spatial argument heuristic, so the

verifier adds four Taylor expansions. The automatically generated assumptions are:
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1$input double h;

> $input int rows, cols;

s$input double ulrows] [cols];

sdouble result[rows] [cols];

s$assume h > 0;

s $abstract $contin(4) $real phi($real x, $real y);

7$assume $forall{m=0..rows-1} $forall{n=0..cols-1} u[m] [n]==phi(m*h,n*h);
8

ovoid laplace() {

1o for (int i=1; i < rows-1; i++)

1 for (int j=1; j < cols-1; j++)

12 result[i] [j1=Culi-1] [j1+ulil [j-11-4*uli] [j1+uli+1] [j1+uli]l [j+11D\
13 / (h*h) ;

1u $assert($uniform{i=1..rows-2} $uniform{j=1..cols-2} result[i] [j]1-\

15 ($D[phi,{x,2}] (i*h, j*h)+$D[phi,{y,2}] (i*h, j*h))==$0(h*h)) ;
16}

Figure 9.7: Annotated CIVL-C code for the Laplace operator in two dimensions. The
code does central differencing on the interior of the array. The boundary
is held constant.

$assume $forall{m=0..rows-1} $forall{n=0..cols-1} phi((m+1)*h,n*h)==
phi (m*h,n*h)+$D [phi, {x,1}] (m*h,n*h) *h
+$D [phi, {x,2}] (m*h,n*h) *h*h/2+$D [phi, {x,3}] (m*h,n*h) xh*h*h/6
+$0 (hxh*hx*h) ;

$assume $forall{m=0..rows-1} $forall{n=0..cols-1} phi((m-1)*h,n*h)==
phi (m*h,n*h)-$D [phi, {x,1}] (m*h,n*h)*h
+$D [phi, {x,2}] (m*h,n*h) *h*h/2-$D [phi, {x,3}] (m*h,n*h) *h*h*h/6
+$0 (h*h*h*h) ;

$assume $forall{m=0..rows-1} $forall{n=0..cols-1} phi(mxh, (n+1)*h)==
phi(m*h,n*h)+$D [phi,{y,1}] (m*h,n*h) *h
+$D [phi, {y,2}] (m*h,n*h) *h*h/2+$D [phi, {y,3}] (m*h,n*h) *h*h*h/6
+$0 (hxhxh*h) ;

$assume $forall{m=0..rows-1} $forall{n=0..cols-1} phi(m*h, (n-1)*h)==
phi(m*h,n*h)+$D [phi,{y,1}] (m*h,n*h) *h
+$D [phi, {y,2}] (m*h,n*h) *h*h/2+$D [phi, {y,3}] (m*h,n*h) *h*h*h/6
+$0 (hxhxh*h) ;
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Chapter 10

PARABOLIC PARTIAL DIFFERENTIAL EQUATIONS

This chapter presents a case study for a useful and frequently studied parabolic

partial differential equation, the diffusion equation.

10.1 Diffusion

Next we consider solving the 1-dimensional diffusion equation.

10.1.1 Mathematical analysis

We again begin by describing the math to give insight into what the tool must
do automatically during symbolic differential accuracy verification. This example is
a differential equation presented in terms of a differential operator. Solutions to dif-
ferential equations may be numerically computed using approximation schemes for
the differential operator. We present the notion of order of accuracy for a numerical
approximation scheme.

In the discussion below, Func(X,Y") denotes the set of functions from X to Y.
If X and Y are continuous domains, we assume the functions are sufficiently smooth

to take the necessary number of derivatives.

Definition 6 (Accuracy of a Scheme). Let n be a positive integer, D C R, and L :
Func(D,R) — Func(D,R). Let I = (0,a), where a is a positive real number and
suppose A 1 I — (D). Let ra, : Func(D,R) — Func(A(h),R) be the operator
which restricts a function to A(h). Suppose for each h there is an operator Ly :
Func(A(h),R) — Func(A(h),R). For any smooth function u : D — R, define 1, :
I — R by

A

Yu(h) = JSup fra [Llull(x) = Lu[ra, [u]] (z)]
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We say Lisa A-uniformly n'* order accurate scheme for L if for all u
Yy(h) = O(Rh") as h — 0.
See [170] Def. 3.1.1. This is the special case when the forcing function f = 0.

This definition can be generalized to multiple variables by defining an appropri-
ate A and modifying i accordingly.

We now apply the notion of accuracy of a scheme to the diffusion example. Let
D C R x R. Define an operator L which takes a function v : D — R that is twice
differentiable in x and once in t and returns a function L[v] : D — R as follows:

ov 0%v

Lol =% = v g

(10.1)

where k is a positive constant. The 1-dimensional diffusion equation is the equation
L[u] = 0. A typical problem specifies boundary conditions in addition to the basic
equation L[u] = 0. The goal is to find a function u which satisfies all of these con-
straints. We will also suppose that the solution u must be four times differentiable in
x and twice differentiable in .

Given positive real numbers hg, h1, we define a uniform mesh
A= A(ho, h1> = {(Zho,nhl) € D|Z,n c Z} (102)

Given a function f from A to R, we will write f for the value of f at the point
(thg,nhy). We define a restriction operator ra which takes a function v : D — R and

returns the restriction rafv] of v to A. To summarize:
ralv]i = v(iho, nhi) (10.3)

where ¢ and n are integers.

Using finite differences, we obtain the discretized operator L = [A/hojhl (we will
typically omit the subscript for brevity) as follows. L takes a function ¥ : A — R and
returns a function L[9] : A — R and is defined by

~n+1 ~n ~n ~n n

n+l _ gy o — 200 + 0

L[o]f = = mvz—ﬁ”l ﬁ = (10.4)
0
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We claim that L is a scheme for L that is A-uniformly accurate of order (2,1).
That is, it is second order accurate in hg and first order accurate in h;. In order to
show this, we must do several Taylor expansions. Given ¢,n € Z and hg, h; > 0, there
exist &, &1 € [(1 —1)ho, (14 1)ho) and & € [(n—1)hy, (n+ 1)hy] such that the following
hold:

ou 1.,0%

A[ ]H-l = U(Zho, nhl) —I— h[)a (’Lho, nhl) —f- hoa Q(Zh(),nhl)
Pu . 84
ghg%(lho,nhl) 24 08 4(5077’Lh1> (105)
N , ou 5, 0%u
ralul? ; = u(ihg,nhy) — ho@ (zho, nhy) + - h08 5 (iho, nhy)
1 ,0% 84
- éhga 3<’Lh0, nhl) 24 08 4(51,7),]11) (106)
ou , 0%
rafulitt = u(ihg, nhy) + hy— 5 (iho,nhy) + = h1 5 (thg, &2). (10.7)

Assume that on the domain of interest, the absolute value of the fourth derivative
of u with respect to x is bounded by M, > 0 and the absolute value of the second
derivative of u with respect to t is bounded by M; > 0. Substituting the expansions
into (10.4),

ra[u)tt — u(ihg, nhy)

Llralull = S

® . —2u(ihg,nh n
_ KTA[U]1+1 'LL(’L ;L);n 1) + TA[u]zfl (108)
h1 (Zho,nhl) lh%%tg(lhoaﬁé)

hy
W22 (ihg, nhy) + S hd(28 (&, nhy) + 24(&), nh

_ [0 (iho,n 1)+ (a;z?(fo nhy) + 5.4(&1, nhy)) (10.9)
_ Ou 82 0%u
iy (Zho,nfh) "o —— (iho,nhy) + - h1 o2 (iho, &2)

o*u o*u

As in Def. 6, we subtract L[u| from (10.10) to get the desired result:
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82

Epralull - ra[Lull?| = ‘MmJW&ﬁ
+or h2 (64 (€0, nhy) + a:i(fl,nhl))' (10.11)
g%h g; (tho, &2)
—h2 @4 (£O,nh1) %(gl,nhl) (10.12)
%hl + ﬁoh (10.13)
By Def. 5, we conclude that
Lira[ull} = ra[L[u]]f = O(h) + O(h3). (10.14)

10.1.2 Specification
Fig. 10.1 gives an example snippet of a diffusion CIVL-C code annotated for
accuracy. The view of the computation in the program is slightly different than the

presentation of the math above. In the code, time steps are computed iteratively. This

involves rearranging (10.4). Recall that L[i] = 0. That is,

aptt —ap o ap, — 207 - af
0= L g Ll 10.15
hy h2 (10.15)

7, — 24" + 4
0= a0l — g7 — foy e itl ;;‘2 Uit (10.16)
an | — 24" +
At = G0 4 ket ;;2 ey (10.17)
Define @ : Func(A,R) — Func(A, ]R) by
— 207 + 0" 4

dlo] =0 + hm

h§
This is what is actually computed in Fig. 10.1 at lines 16-17. CIVL can extract ® by
symbolically executing the update function.
We define a shift operator S : Func(A,R) — Func(A,R) by S[0]F = o7, Eq.
(10.17) then becomes S[i] = ®[a]. We rewrite L in terms of S and ® to get
oo Sl - afi]

== (10.18)
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1 $input int n; /* Number of points */

> $input double h; /* Distance between points */

3 $input double dt; /* Size of a time step */

4 $input double k; /* Constant for rate of diffusion */
5 $abstract $contin(4) double u(double x, double t);

6 $assume h > 0 && dt > 0 && k > 0;

7 double v[n], v_new([n];

s int iter;

10 void update() {

1 $assume $forall {j=0 .. n-1} v[j] == u(j*h, iterxdt);

12 for (dnt i = 1; i < n-1; i++)

13 v_new[i] v[il+dtxk* (v[i+1]-2*v[i]l+v[i-1])/(h*h);

4 for (int 1 = 1; 1 < n-1; i++)

15 v[i] = v_new[i];

16 $assert($uniform{m=1 .. n-2} (u(m*h, (iter+1)*dt)-v[m])/dt \

17 -$D[u,{t,1}] (m*h,iter*dt)+k*$D[u,{x,2}] (m*h,iter*dt)==$0(dt)+$0(h*h)) ;

Figure 10.1: Annotated CIVL-C code for iterative diffusion in one dimension.
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Note that L[i] = 0 (since @ satisfies S[a] = ®[a]), but L[0] is not necessarily 0 for
arbitrary 0.
Since @ is what the code actually computes, we want to rewrite (10.14) in terms

of ®. We use (10.18) to get

sl = rafplaly = SRR TS a0
The assertion in the code is
Slralulli = rall?  (zpugp = o) + 0(2). (10.20)

hy

By phrasing the assertion in this way, the information about L is determined implicitly.

10.1.3 Verification

This diffusion solver is an iterative scheme. The abstract function u has two
parameters: one for space and one for time. In the assumption at line 11, the arguments
to the abstract function call have slightly different forms. The argument j*h matches
the spatial argument heuristic. During symbolic differential accuracy verification, the
verifier will recognize the form of the argument and combined with the continuity

specification to create the following assumptions:

$assume $forall {j=0..n-1} u((j+1)*h,iterxdt)==u(j*h,iter*dt)
+$D[u,{x,1}] (j*h,iterxdt)*h+$D[u,{x,2}] (j*h,iterxdt)*h*h/2
+$D [u, {x,3}] (j*h, iterxdt) *h*h*h/6+$0 (h*h*h*h) ;

$assume $forall {j=0..n-1} u((j-1)*h,iterxdt)==u(j*h,iter*dt)
-$D[u, {x,1}] (j*h, iter*dt)*h+$D[u,{x,2}]1 (j*h,iter*dt)*h*h/2

-$D [u,{x,3}] (j*h,iter*dt) *h*h*h/6+$0 (hxh*h*h) ;
The other argument, iter*dt does not match the spatial argument heuristic

(because no component of the expression is a variable bound by a quantifier). Instead,
it matches the time argument heuristic, resulting in the addition of the following as-

sumption:

$assume $forall {j=0..n-1} u(j*h, (iter+1)*dt)==u(j*h,iter*dt)
+$D[u,{t,1}] (j*h,iterxdt)*dt+$0(dt*dt) ;

29



When the assertion at lines 16-17 is passed to the prover, these three expansions
in the path condition provide enough information for the prover to determine that the

query is valid.
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Chapter 11

HYPERBOLIC PARTIAL DIFFERENTIAL EQUATIONS

In this chapter we present a number of techniques for solving hyperbolic partial

differential equations. In particular, we will focus on the advection operator

_ Ou ou

Llu] = N —i—a%

(11.1)

in the case where L[u] = 0. The advection equation is useful for describing the transport

of a substance via currents in fluid.

11.1 Upwind scheme, first order

The upwind scheme for one dimensional advection uses forward differencing in
time and makes a choice of forward or backward differencing in space based on the
direction of the fluid flow. The stencil in Fig. 11.1 represents the points involved in

the upwind scheme computation.

11.1.1 Mathematical analysis
The discretized operator L for the first order upwind method takes a function

o : A — R and returns a function L[0] : A — R. Tt is defined by

. ot —gr o — g

L[o] = % Y et for g > 0 (11.2)
hy ho

. optt —or o oR, —or

L] = - ~+a— = for a < 0. (11.3)
hy ho
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(hm,(h+1)n) (hm,(h+1)n)

((h-1)m,hn) (hm,hn) (hm,hn) ((h+1)m,hn)

Figure 11.1: Stencils for the first order upwind scheme for linear advection when a
is positive (left) or negative (right).

We claim that L is a scheme for L that is A-uniformly accurate of order (1,1).
Given i,n € Z and hg, hy > 0, there exist §y,&; € [(i—1)ho) and & € [(n—1)hq, (n+1)h4]
such that the following hold:

ou 5, 0%u

rafully = u(ihg, nhy) + hoa—(zho,nhl) + hoa 5 (&0, nha) (11.4)
_ ou 0*u

raful? = u(ihg,nhy) — hoa (thg,nhy) + hga 5 (&1, nhy) (11.5)
ou 0*u

rafu]?™ = u(ihg, nhy) + hy— T (iho,nhy) + = h% 5 (tho, &2). (11.6)

Assume that on the domain of interest, the absolute values of the second deriva-
tives of u with respect to both x and ¢ are bounded by M > 0. Substituting the

expansions into Eq. 11.2,

A U(iho, nhl) + hlaa—?(l'ho, nhl) h% ?%g (Zh(), §2) — U(iho, nhl)

Elralily = -
4 o Miho,hy) = (uliho, k) = ho32 ik, nhn) + §WES (€1, 1h) ) o
ho
_ Ou 1, 0%
= 3 — (ihg,nhy) + = hl (9152 (iho, &2)
ou 02
+ a—(zho,nhl) (fl;n}h) (11.8)

ox
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Similarly, substituting the expansions into Eq. 11.3,

u(ihg, nhy) + hi2%(iho, nhy) + 1h3%% 8t2 5 (iho, &2) — u(ihg, nhy)

Llralul)? = -
1
N au(iho,nhl) + ho22(iho, nhy) + 2h3%%(&o, nhy) — u(iho, nhy) (11.9)
ho
_ Ou D?u
a (ZhOa nhl) + 3 hl 8152 (Zh07€2)
+a(h hi) + ha2 (&1,nhy) (11.10)
aio,nl 206)21%1 .
Subtracting L{u| from Eq. 11.8 and 11.10 yields
Lralul)? — raletill] = [ 2 & ho, €0~ Sho Tt emh| 111
TAlUll; —TA Ui—21at210,2 206)21,711 .
1, 0%u 82
S §h1 12 (Zho,gg) (ﬁl,nhl) (1112)
< %hl + —Mho for a >0 (11.13)
. 1, d%u 0*u
L[TA[U]]?—TA[L[UH? = 2h1 12 (Zh0,§2)+ h[) (fl,nhl) (1114)
1, d%u 32
< |5hi55 (the, &) + (fh”hl) (11.15)
2 ot?
< %hl + —Mho fora <0 (11.16)
By Def. 5, we conclude that
Lira[u]]? — ralL[u]] = O(hy) 4+ O(hy). (11.17)

11.1.2 Specification

Figure 11.2 gives an excerpt of CIVL-C code for solving the one dimensional
advection equation using the first order upwind scheme. Note the branching on the
value of a at line 27. The branch indicates the direction of the flow, and the code
chooses to do forward or backward differencing based on its sign. The assumption
added to the path condition at line 8 precludes the trivial condition of a = 0 (i.e. the

case when there is no flow).
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1 $input int n; /* Number of points */

> $input double h; /* Distance between points */
s $input double dt; /* Size of a time step */

4 $input double a; /* Constant for wave velocity */
5 $abstract $contin(2) $real u($real x, $real t);
¢ $assume h > 0;

7 $assume dt > 0;

s $assume a != 0;

o double v[n];

10 double v_new([n];

11 int iter;

12

13 void upwindForward() {

u for (int i =1; i < n-1; i++) {

15 v_new[i] = v[i]-dt*a*(v[i+1]-v[i])/h;

16 }

17 }

18

19 void upwindBackward() {

20 for (int 1 = 1; 1 < n-1; i++) {

21 v_new[i] = v[i]l-dt*ax(v[i]l-v[i-1]) /h;

22 }

23 }

24

25 void upwind() {

26 $assume $forall {j=0 .. n-1} v[j] == u(j*h, iterx*dt);
27 if (a > 0)

28 upwindBackward() ;

29 else

30 upwindForward() ;

a1 for (int i = 1; 1 < n-1; i++) {

32 v[i] = v_new[il];

33 }

32 $assert($uniform{m=1..n-2} (u(m*h, (iter+1)*dt)-v[m])/dt- \

35 ($D[u, {t, 1}](m*h, iterxdt)+a*$D[u,{x,1}] (m*h, iter*xdt)) \
36 ==$0(dt)+$0(h)) ;

37 }

Figure 11.2: Excerpt of annotated CIVL-C code for the first order upwind scheme.
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11.1.3 Verification
The abstract function u is declared to have two continuous derivatives, and the
first argument to the call of u at line 26 matches the spatial argument heuristic. Thus,

the verifier adds the following assumptions:

$assume $forall {j=0..n-1} u((j+1)*h,iterxdt)==u(j*h,iterxdt)
+$D [u, {x,1}] (j*h,iterxdt) *h+$0(h*h) ;
$assume $forall {j=0..n-1} u((j-1)*h,iterxdt)==u(j*h,iter*dt)

-$D[u,{x,1}] (j*h,iter*dt)*h+$0(h*h) ;
The second argument to the call of u at line 26 match the time argument heuris-

tic. This prompts the verifier to add the assumption:

$assume $forall {j=0..n-1} u(j*h, (iter+1)*dt)==u(j*h,iter*dt)

+$D[u,{t,1}] (j*h,iterxdt)*dt+$0(dt*dt) ;
For each iteration of the upwind scheme, the assertion will be checked twice;

once for each result of the branch at line 27. The values in v will differ depending on
whether they were computed using upwindForward () or upwindBackward (). However,
just like in the manual mathematical analysis, the same set of assumptions provides
enough information to the prover to check the assertion regardless of whether the

forward or backward computation is used.

11.2 Upwind scheme, second order

The second order upwind scheme functions similarly to the first order scheme
given in Sec. 11.1. In order to gain the additional accuracy, the second order upwind
scheme uses an extra point in the opposite direction from the flow. The stencil in Fig.

11.3 describes the points used in the scheme.
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11.2.1 Mathematical analysis
The discretized operator L for the second order upwind method takes a function

& : A — R and returns a function L[0] : A — R. Tt is defined by

. ortl — g 30 — 4o | + o7

i)=Y " R e for a> 0 (11.18)

. pntl _ pn —pn 4™ . — 3pn

L[o] = % Uiy g2 T iy — O for a < 0. (11.19)
hy 2hg

We claim that L is a scheme for L that is A-uniformly accurate of order (2,1).
Given i,n € Z and hg,hy > 0, there exist &y, &1,&2,& € [(i — 1)ho] and & € [(n —
1)h1, (n + 1)hq] such that the following hold:

ou 1. ,0%u
rafull, = (zho, nhy) + hoa (thg, nhy) + hoa 5 (iho, nhy)
83
. du 0*u
raful? = u(zho,nhl) hoa—(zho,nhl) + h(2)8 5 (iho, nhy)
83
08 3<€1anh1) (1121)
ou , 0%
A[ ]H—Q = U(Zho,nhl) + 2hoa (Zho, nhl) + 2hoa Z(Zho,nhl)
4 0%
+ hOa 3(527nh1) (1122)
ou 282
raful? o = u(ihg, nhy) — 2h08—(zh0, nhy) + 2hg 09,2 —— (tho, nhy)
4 0%
+ ho(9 (€, nhy) (11.23)
ou 0*u
A [u]”“ (Zh(), nhl) + hl (’Lho, nhl) + h2 (Zho, 54) (1124)

ot Lot

Assume that on the domain of interest, the absolute value of the third derivative
of u with respect to x is bounded by M, > 0, and that the absolute value of the second

derivative of u with respect to t is bounded by M; > 0. Substituting the expansions
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(hm,(h+1)n) (hm,(h+1)n)

‘N ()
N _/
((h-2)m,hn)  ((h-1)m,hn) (hm,hn) (hm,hn) ((h+1)m,hn) ((h+2)m,hn)

Figure 11.3: Stencils for the second order upwind scheme for linear advection when
a is positive (left) or negative (right).

into Eq. 11.18,

u(iho, nhy) + hi 22 (iho, nhy) + Lh3%% (iho, &) — u(iho, nhy)

Llralull} =

hy
a , , ou , 0%
+ ﬁ(?)u(zho, nhy) — 4(u(ihg, nhy) — hoa—(zho,nhl) + hO@ 5 (iho, nhy)
L u L%
_hO (517 nh1)> ( (Zho, nhl) — Qho—(lho, nhl) + 2h0 (Zho, nhl)
ox3 ox 0x?
4 ;0%
08 3(55,nh1))) (11.25)
_ Ou 0*u
= 5 —; (iho, nh1) + 5 hl o2 (iho, &4)
ou 2 0% 4 20U
+ — 2h0 (Qhoa (Zho,nhl) — —hga 3(51,7’Lh1) + hoa 3(53,’”}11)) (1126)
82
a (Zh07 nhl) + hl at2 (Zh()a £4>
ou . a L0 20
+ a%(’lho, nh1> — —hoa 3(51,nh1) Oa 3(&),, nhl) (1127)
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Similarly, substituting the expansions into Eq. 11.19,

u(iho,nhy) + hi 2% (iho, nhy) + Sh3 2% (ihg, &) — u(ihg, nhy)

Lirau]l? = I =
- (ulihe, nh) + 2o 2 (ko ) + 202 L (ko )
2hq u\tho, nhy 08 g, Ny 082107711
4 0% ‘ ou
+ hoa 3(62,7’Lh1)) +4(u(zh0,nh )—I— hga (Zho,nhl)
1,0% 1 50% .
+ hoa Z(Zho,nhl) + hoa 3(50,7’Lh1)) —3u(zh0,nh1)) (1128)
~ Ou 0%u
8 (Zh()y nhl) + 3 hl 8t2 (Zh0a€4)
ou 4 303U ;0%
+ — 2h (Zhoa (Zh(),nhl) Oa 3(fg,nh1) + hoa 3<€0,7’Lh1)) (1129)
" ih )+ 2y 2 i, €
820,711 1(%220,4
a2 o, mhn) — 22022 6, ) + 2022 (6 ) (11.30)
a&czo’nl 083 2, 31093 0, I .
Subtracting L[u] from Eq. 11.27 and 11.30 yields
- 0%u 83 , Pu
Lira[ull} = ralL[u]l}| = ' S (iho, &) = oa 3(51>nh1) hoa 3(63,7%1)
0%u (93
‘ shi—= 8t2 (iho, &4)| + 08 3(51,71}11)
83
oa (&, nh) (11.31)
M1 9
< —h1 + CLMohO fora >0 (1132)
A " 0%u (93 a, ,0%
L[TA[U]L, _TA[L[U]L hl o2 (Zh07§4) Oa 3(527nh1) + hOa 3(§0,’I’Lh1)
0%u 83
‘ hl 12 (Zh07£4) Oa 3(£2anh1)
83
Oa 3(507nh1> (1133)
M1 9
< Thl + aMyhg for a < 0. (11.34)
By Def. 5, we conclude that
Llralul]f = ra[L[u]]} = O(h) + O(hj). (11.35)
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11.2.2 Specification

The abstract function is declared in at line 5 to have three continuous derivatives.
The assumption relating the array v to u is at line 28. The assertion at lines 36-38
checks that the code is A-uniformly first order accurate in time and second order

accurate in space.

11.2.3 Verification
The abstract function u is declared to have three continuous derivatives, and
the first argument to the call of u at line 28 matches the spatial argument heuristic.

Thus, the verifier adds the following assumptions:

$assume $forall {j=0..n-1} u((j+1)*h,iterxdt)==u(j*h,iter*dt)
+$D[u,{x,1}] (j*h,iterxdt)*h+$D[u,{x,2}] (j*h,iterxdt)*h*h/2
+$0 (h*h*h) ;

$assume $forall {j=0..n-1} u((j-1)*h,iterxdt)==u(j*h,iter*dt)
-$D[u,{x,1}] (j*h,iter*dt)*h+$D[u, {x,2}] (j*h,iter*dt)*h*h/2

+$0 (h*h*h) ;
The second argument to the call of u at line 28 match the time argument heuris-

tic. This prompts the verifier to add the assumption:
$assume $forall {j=0..n-1} u(j*h, (iter+1)*dt)==u(j*h,iter*dt)

+$D[u,{t,1}] (j*h,iterxdt)*dt+$0(dt*dt) ;
As in the first order scheme, the assertion will be checked at each iteration for

both branches of the code. CIVL is able to verify the second order upwind scheme for

small configurations, but the queries rapidly become untenable for the current prover.

11.3 Upwind scheme, third order
The third order upwind scheme uses an additional point compared to the second
order scheme, but this time the extra point is in the direction of the flow, as in the

stencil in Fig. 11.5.
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1 $input int n; /* Number of points */

> $input double h; /* Distance between points */
s $input double dt; /* Size of a time step */

4+ $input double a; /* Constant for wave veloctity */
5 $abstract $contin(3) $real u($real x, $real t);
¢ $assume h > 0;

7 $assume dt > 0;

s $assume a != 0;

o double v[n];

10 double v_new([n];

11 int iter;

12

13 void upwindForward() {

4  for (int i = 1; i < n-2; i++) {

15 v_new[i] = v[i]-dt*a*(-v[i+2]+4*v[i+1]-3*v[i])/(2*h);
16 }

17 v_new[n-2] = v[n-2]-dt*ax(v[n-1]-v[n-2])/h;

18 }

19
20 void upwindBackward() {
o1 for (int i = 2; i < n-1; i++) {

22 v_new[i] = v[i]l-dt*ax(3*v[i]-4*v[i-1] + v[i-2])/(2%h);
23}

21 v_new[1] = v[1]-dt*a*x(v[1]-v[0])/h;

25 }

26

27 void upwind() {

28 $assume $forall {j=0 .. n-1} v[j] == u(j*h, iterx*dt);
29 if (a > 0)

30 upwindBackward() ;

31 else

32 upwindForward() ;

33 for (int i = 1; 1 < n-1; i++) {

34 v[i] = v_new[i];

35 }

s6  $assert($uniform{m=2..n-3} (u(m*h, (iter+1)*dt)-v[m])/dt- \
37 ($D[u,{t,1}] (m*h,iter*dt)+a*$D[u,{x,1}] (m*h,iter*dt)) \
38 ==$0(dt) +$0(h*h)) ;

39 }

Figure 11.4: Excerpt of annotated CIVL-C code for the second order upwind scheme.
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Figure 11.5: Stencils for the third order upwind scheme for linear advection when a
is positive (left) or negative (right).
11.3.1 Mathematical analysis
The discretized operator L for the third order upwind method takes a function
o : A — R and returns a function L[0] : A — R. It is defined by

An+1 An
0 — 0] 207" | + 30" — 607 + 0}’

Lt = & : =2 fora > 0 11.36
0] i +a 6o or a ( )
. s+l _ on —_n 6om 301 — 20
(e A Sl == Tl U1 for g < 0. (11.37)
hy 6ho

Proving the accuracy of the scheme requires Taylor expansions around the same

points as Sec. 11.2, but with an extra term in the expansion.

ou ,0%u
[ ]H—l - U(Zho, nhl) + hoa—(lho,nh1) + hoa Z(Zho,nhl)
1, 30% 34
+ h(]a 3(1h07nh1) 24 Oa 4(€Oanh1) (1138)
N ou 1, 0%
raful? ; = u(ihg,nhy) — hoa (zho, nhy) + hOa 2(zhg,nhl)
1 ,0%, 64
ghg%(mmnhl) 24 00 4(51,nh1) (11.39)
n du 2 0%u
ralulf e = u(ihg, nhy) + 2h0a (thg,nhy) + QhOa 5 (iho, nhy)
4 0% 2 0%
+3hio— 5 (iho, nhy) + shom—7 (& nhy) (11.40)

2

raful? o = u(ihg,nhy) — QhOg—(zho, nhy) + 2h3 g (thg,nhy)

4 B 64
hga 3<Zh07nh1)+ h’Oa 4(£3anh1) (1141)
ou 9u
raluli™ = u(iho, nhi) + hi—- BN (ihg,nhy1) + h2 L 52 (iho, &a). (11.42)
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Assume that on the domain of interest, the absolute value of the fourth derivative
of u with respect to x is bounded by M, > 0, and that the absolute value of the second
derivative of u with respect to t is bounded by M; > 0. Substituting the expansions
into Eq. 11.36,

u(ihg,nhy) + h12%(ihg, nhy) + $h3%% atQ ¥ (iho, &) — u(ihg, nhy)

Liralully =

ha
a ou 5, 0%u
+ 6_]10(2< (Zho, nhl) + hog—(lho, nhl) + = hoa 3 (Zho, nhl)
1 ,0% a0
t Mg 3(Zh07nh1) 24 06 4(507nh1))
ou , 0%u
+ 3u(1h0,nh1) - 6(U(2h0, nhl) hoa—(lho, nhl) + hoa D) (’Lho, nhl)
du 64
+ hga 3(@h07”h1) 24 08 4<€1vnh1))
0 , 0%u
+ u(ihg,nhy) — QhOau (iho, nhy) + 2h08 5 (iho, nhy)
4 ,0% L0t
ghgaﬁ (iho, nhy) + hoa 4(gg,nhl)) (11.43)
(zh nh )—I— h Ou (tho,&4) + (6h Ou (tho,mhy)
a 0 1 175,5 8t2 0,64 6h Oa 0 1
0*u (94 2 10t
Ehéa 4 (507 nh‘l) 08 4 (517 nhl)) Oa 4(637 nhl)) (1144)
_ Ou 0%u ou
=5 — (ihg,nhy) + = h1 5 (iho, &4) + ay- (iho,nhy)
384 a 4 84
5hoa 4(50,nh1) 24 0a 4(51,nh1) -+ hoa 4(53,7”7/1) (1145)
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Similarly, substituting the expansions into Eq. 11.37,

Elraful]” u(ihg, nhy) + h1 %% (iho, nhy) + $h3 %% atz 7 (iho, &4) — u(iho, nhy)

hy
ou , 0%
+ 6—h0(—< (’Lho, nhl) + 2]’L08 (lho,nh1> + 2h08 D) (Zho, nhl)
4 20U ot
+ hoa 3(Zh0,nh1) + héa 4(52, nh1)>
ou 1 ,0%
+ 6(u(ihg, nhy) + hoa—(zho,nhl) + hoa 5 (iho, nhy)
303U 8 4
hoa 3(zhg,nh1) 2 08 4(§o,nh1)) — 3u(ihg, nhy)
, ou , 0%
_ 2(U<Zh0,nh1) hoa (Zho,nhl) —|— hoa Z(Zh(),nhl)
1 ,0% 84
+ hOa 3(2h07nh1) 24 Oa 4(5177’Lh1)))
_ Ou 0%u ou
= 5 —; (iho, nh1) + 5 h1 BYe (iho, &a) + (6h08 (iho, nh1)
2 0% 1, ,0% 84
o(9 4(52,nh1) + hoa 4(§0> nhy) — 12 oa 4(51,nh1)
_ Ou 1. 0% ou
=5 — (thg,nhy) + = h1 8t2 (tho, &) + aa—(zho, nhy)
o*u ;0 ;0
- —héa 4(§2,nh1) hoa 4(50,Nh1) hoa 4(517Nh1)
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Subtracting L[u] from Eq. 11.45 and 11.48 yields

. . 8%u a0 a0
L[TA[U]L - TA[L[ ]]’L hl 012 (Zh07 54) 72 Oa 4 (507 nh’l) 24 Oa 4 (517 Nh’l)
84
+35 hga (€, nhy) (11.49)
9%u 84 84
‘ Shios 12 (Zh(]? 54) 72 Oa 4 <€07 nhl) 24 Oa 4 (fla nhl)
(:)4
oa (€ ) (11.50)
< %hl QT]WOhO fora >0 (11.51)
- 0?u 84 (94
L[TA[UH? - TA[L[U]L ‘ shi—5 o2 (Zh0754) Oa 4(527nh1) 24 Oa 4<£0,’I7,h1)
84
72 Oa 4(glanhl) (1152)
0?u 84 64
‘ “hi— 12 (iho, §4)| + 0a 4(52771]11) 24 08 4(50,71}11)
34
72 08 4<£l7nh’1> (1153)
< %hl + %h% for a < 0. (11.54)
By Def. 5, we conclude that
Liralullf = ra[Llu]l} = O(h1) + O(h). (11.55)

11.3.2 Specification

The code is structured the same way as the first and second order upwind
schemes. In this case, the abstract function is declared at line 5 to have four continuous
derivatives. The assumption relating the array v to u is at line 28. The assertion at
lines 36-38 checks that the code is A-uniformly first order accurate in time and third

order accurate in space.

11.3.3 Verification
The abstract function u is declared to have four continuous derivatives, and the

first argument to the call of u at line 28 matches the spatial argument heuristic. Thus,
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1 $input int n; /* Number of points */

> $input double h; /* Distance between points */
s $input double dt; /* Size of a time step */

4+ $input double a; /* Constant for wave veloctity */
5 $abstract $contin(4) $real u($real x, $real t);
¢ $assume h > 0;

7 $assume dt > 0;

s $assume a != 0;

o double v[n];

10 double v_new([n];

11 int iter;

12

13 void upwindForward() {

4  for (int i = 1; i < n-2; i++) {

15 v_new[i] = v[i]-dt*xa*(-v[i+2]+6*v[i+1]-3*v[i]-2*v[i-1])/(6*h);
16 }

17 v_new[n-2] = v[n-2]-dt*ax(v[n-1]-v[n-2])/h;

18 }

19
20 void upwindBackward() {
o1 for (int i = 2; i < n-1; i++) {

22 v_new[i] = v[i]-dt*ax(2*v[i+1]+3*xv[i]-6*xv[i-1] + v[i-2])/(6*h);
23}

21 v_new[1] = v[1]-dt*a*x(v[1]-v[0])/h;

25 }

26

27 void upwind() {

28 $assume $forall {j=0 .. n-1} v[j] == u(j*h, iterx*dt);
29 if (a > 0)

30 upwindBackward() ;

31 else

32 upwindForward() ;

33 for (int i = 1; 1 < n-1; i++) {

34 v[i] = v_new[i];

35 }

s6  $assert($uniform{m=2..n-3} (u(m*h, (iter+1)*dt)-v[m])/dt- \

37 ($D[u,{t,1}] (m*h,iter*dt)+a*$D[u,{x,1}] (m*h,iter*dt) \
38 ==$0(dt) +$0(h*hx*h) ) ;

39 }

Figure 11.6: Excerpt of annotated CIVL-C code for the third order upwind scheme.
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the verifier adds the following assumptions:
$assume $forall {j=0..n-1} u((j+1)*h,iterxdt)==u(j*h,iter*dt)

+$D [u, {x,1}] (j*h,iterxdt) *h+$D [u,{x,2}] (j*h,iter*dt)*h*h/2
+$D [u, {x,3}] (j*h, iterxdt) *h*h*h/6+$0 (h*h*h*h) ;

$assume $forall {j=0..n-1} u((j-1)*h,iterxdt)==u(j*h,iter*dt)
-$D[u,{x,1}] (j*h,iter*dt) *h+$D[u, {x,2}] (j*h,iter*dt)*h*h/2

-$D [u, {x,3}] (j*h,iter*dt)*h*h*h/6+$0 (hxh*h*h) ;
The second argument to the call of u at line 28 match the time argument heuris-

tic. This prompts the verifier to add the assumption:
$assume $forall {j=0..n-1} u(j*h, (iter+1)*dt)==u(j*h,iter*dt)

+$D[u,{t,1}] (j*h,iterxdt)*dt+$0(dt*dt) ;
Like the second order upwind scheme, CIVL can verify the third order scheme

for very small configurations, but the complexity quickly surpasses the prover’s ability
to handle. Future work will research new techniques or other provers to mitigate this

issue and improve scaling.
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Part IV

Conclusion
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Chapter 12

CONCLUSION

We have shown a method, based on symbolic execution, by which programmers
can specify and verify that code implementing a finite difference numerical approxi-
mation scheme meets order of accuracy requirements. Contrary to other approaches
for accuracy verification, our approach requires only a few lines of code annotation.
The lines of annotation use information that should be readily available to anybody
implementing a numerical scheme.

The examples successfully verified with this approach are some commonly used
finite difference approximations. They are applied to a variety of scientific and en-
gineering problems. Our method can assist practitioners of these numerical methods
with increasing their degree of confidence in their software.

Some finite difference problems are not amenable to our approach in its current
form. For example, the Lax-Friedrichs scheme is an explicit numerical method for
solving hyperbolic partial differential equations. It uses a simple stencil, and is first
order accurate in time and second order accurate in space. On the surface, it appears
similar in complexity to several of the examples presented here. However, the order of
accuracy analysis requires additional information about the relationship between the
size of the time step and space step.

Fig. 12.1 gives the results of some scaling experiments for verifying correct pro-
grams. For the Laplace example, the number of rows is held constant and the column
dimension is scaled. In addition, CIVL was correctly unable to verify modified asser-
tions that claimed too high of an order of accuracy.

Theorem proving is a challenge for this type of reasoning. The current imple-

mentation of SARL uses CVC3 as the underlying SMT solver. Some examples, such
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Figure 12.1: Graph of scaling experiments run on a 2.6 GHz Intel Core i7 Mac Mini;
log. time axis

as the second and third order upwind schemes, become unmanageable by CVC3 at
modest configurations. Future work will involve experimenting with different theorem
provers, including CVC4 [5] and Z3 [52]. It might also be beneficial to use multiple
theorem provers simultaneously since different provers might handle certain queries

more efficiently.
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Appendix A
PROOF OF BOUNDS FOR sin’(X)

Proof of upper bound. We take the Taylor expansion of sin(z + h).

sin(x + h) = sin(x) + hcos(x) — — sin(x) + Z }ZL’ (98.731 sin(x (A.1)

sin(x — h) = sin(x) — hcos(x) — — sin(z

SlH

(%Z r) (A2

Substituting equations A.1 and A.2 into the left hand side of equation 2.4 and simpli-
fying yields

fe's) 2h2z+1 821+1 .
Hp2it1l ST

o(xz,h) = |cos(x) — 2z (2l+1)ézx wr sin() (A.3)

o p2i g2itl
= Z S sin(x) (A.4)
_ 00 . - h2i A5
Z( ) —(2i+1)|cos(:v) : (A.5)

i=1 ’

All sin(z) terms in the expansions are cancelled due to the subtraction, so a cos(x) can
be factored out. Take ¢ = 1. Since h < 1, the remaining numerators are less than h?2.
Factoring out an h? results in all numerators in the remaining sum being less than or

equal to one. The resulting sum is bounded by
— 1 1 1 1 1
ZE 0|+1|+2|+4| -

and therefore we get

1 1 1 1 0.9
O'+ﬁ+5+4| < 0.

38



oz, h) = Z(—l)iﬁcos(x) (A.6)
= |cos(z) <Z<_1)iﬁ>‘ (A7)
< (0.2 cos(z)h?| (A.8)
< 0.2h%. (A.9)

This shows that C' = 0.2 and € = 1 satisfy the condition required by Definition 3. Thus

we see that ¢ is a uniformly second order accurate approximation of f on R.
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Proof of lower bound at x = 7. Start with equation A.5 and consider the point x = m:

o , p2i
— gyl
Pz, h) = ;( 1) i+ 1) cos(m)
> o p2
= _1 t_
> Gy
- h2t ©° p2i
- iZ;ven (2i+1)! i_gdd (2i +1)!
i h% i h2i
i>1,i odd (2 +1)!= i>2.7 oven (20 +1)!
- f: G S i e
) |
i>1,i odd (QZ + ) 1>2,1 even (22 + 1)
— i h27' i h21—2 h2
557 add 2z +1)! ST e (20 +1)!
- h2i—2 00 p2i-2
Z Z N h‘2 - Z — h2
i>3,i odd 22 + 1 i>2.i even (22 + 1)'
1 ©° p2i—2 00 ]
2|5 + Z T o h2 — Z . h2
e Y ' ‘
5 123, odd (22 + 1) i>2,1 even (22 + 1)
1 ©° J2i—2 oo ]
> ot D ol m h?
3! 55T add (20 +1)! P (20 +1)!
1 © p2i—2 s 1 . |
=gt T ANt h2 — - h2
3t iz&;)dd (204 1)! QZO (2i+1) 11 3l
S 1 N i }2i—2 2 - 1 1 .
Bl Y YRR — |sinhl1 — = — =
T3 e i) i T
i>3,i odd
1 o j2i—2 , ,
> |5y | h% — 0.0087h
ERS Z (204 1)!
i>3,i odd
1
> (§ —0. 0087) h?
> 0.15h2.

Thus the error is bounded from below by 0.15h2.
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Appendix B
CIVL TOOL OPTIONS

CIVL v0.9 of 2014-03-14 -- http://vsl.cis.udel.edu/civl
Usage: civl <command> <options> filename ...
Commands:
verify : verify program filename
run : run program filename
help : print this message
replay : replay trace for program filename
parse : show result of preprocessing and parsing filename
preprocess : show result of preprocessing filename
Options:
-debug or -debug=BOOLEAN (default: false)
debug mode: print very detailed information
-echo or -echo=BOOLEAN (default: false)
print the command line
—enablePrintf or -enablePrintf=BOOLEAN (default: true)
enable printf function
-errorBound=INTEGER (default: 1)
stop after finding this many errors
-guided or -guided=BOOLEAN
user guided simulation; applies only to run, ignored
for all other commands
-1d=INTEGER (default: 0)
ID number of trace to replay
—-inputKEY=VALUE
initialize input variable KEY to VALUE
-maxdepth=INTEGER (default: 2147483647)
bound on search depth
-min or -min=BOOLEAN (default: false)
search for minimal counterexample
-mpi or -mpi=BOOLEAN (default: false)
MPI mode
-por=STRING (default: std)
partial order reduction (por) choices:
std (standard por) or scpl (scoped por 1) or scpl (scoped por 2)
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-random or -random=BOOLEAN
select enabled transitions randomly; default for run,
ignored for all other commands
-saveStates or -saveStates=BOOLEAN (default: true)
save states during depth-first search
-seed=STRING
set the random seed; applies only to run
-showAmpleSet or -showAmpleSet=BOOLEAN (default: false)
print the ample set of each state
-showModel or -showModel=BOOLEAN (default: false)
print the model
-showProverQueries or —-showProverQueries=BO0OLEAN (default: false)
print theorem prover queries only
-showQueries or —-showQueries=BOOLEAN (default: false)
print all queries
-showSavedStates or -showSavedStates=BOOLEAN (default: false)
print saved states only
-showStates or -showStates=BOOLEAN (default: false)
print all states
-showTransitions or -showTransitions=BOOLEAN (default: false)
print transitions
-simplify or -simplify=BOOLEAN (default: true)
simplify states?
-solve or -solve=BOOLEAN (default: false)
try to solve for concrete counterexample
-sysIncludePath=STRING
set the system include path
—-trace=STRING
filename of trace to replay
-userIncludePath=STRING
set the user include path
-verbose or -verbose=BOOLEAN (default: false)
verbose mode
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Appendix C

PROVER QUERY FOR BACKWARD FINITE DIFFERENCE
ASSERTION

CVC3 assumptions 1: TRUE
(LET v_0 = rho(X_s0v2),

v_36 = X_s0v4[1],
v_23 = (-1 * v_36),
v_35 = (v_0 + v_23),

v_3 = (2 * X_s0v2),
v_2 = rho(v_3),
v_38 = X_sOv4[2],

v_20 = (-1 * v_38),

v_37 = (v_2 + v_20),

v_12 = ((1 * rhox1(0)) * X_s0v2),
v_1 = BIG_O((X_sOv2 "~ 2)),

v_11 = (-1 * v_0),
v_6 = rho(0),

v_39 = (v_12 + v_1 + v_11 + v_6),

v_14 = ((1 * rhox1(X_s0v2)) * X_sOv2),

v_9 = (-1 *x v_2),
v_40 = (v_14 + v_1 + v_0 + v_9),
v_10 = ((1 * rhox1(v_3)) * X_s0v2),
v_4 = (3 * X_s0v2),

v_5 = rho(v_4),

v_7 = (-1 * v_5),

v_4l = (v_10 + v_1 + v_2 + v_7),

v_8 = ((1 * rhox1(v_4)) * X_sO0v2),
v_17 = rho((4 * X_s0v2)),

v_29 = (-1 * v_17),

v_42 = (v_8 + v_1 + v_5 + v_29),
v_13 = (-1 * v_6),

v_22 = X_sO0v4[0],

v_21 = X_sOv4[3],

v_16 = (-1 * v_8),

v_34 = (v_16 + v_1 + v_9 + v_5),
v_15 = (-1 * v_10),

v_33 = (v_15 + v_1 + v_11 + v_2),
v_18 = (-1 * v_12),
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v_19 = (-1 * v_14),

v_43 = rho((-1 * X_s0v2)),

v_30 = (-1 * v_43),

v_31 = (v_18 + v_1 + v_30 + v_6),

v_32 = (v_19 + v_1 + v_0 + v_13),

v_24 = (2/3 * v_21),

v_25 = (1/3 * v_22),

v_26 = (1/3 * v_21),

v_27 = (2/3 * v_22),

v_28 = (-1/3 * v_22)

IN ((0 = v_35) AND (0 = v_37) AND (0O = v_39) AND (0O = v_40) AND (0 = v_41) AND (
0 = v_42) AND (0 = ((-1 * ((1 * BIG_O0(X_sOv2)) * X_sOv2)) + v_1)) AND (0 = (v_13
+ v_22)) AND (0 = (v_7 + v_21)) AND (0 <= v_34) AND (0 <= v_33) AND (0 <= (v_18
+ v_1+ v_0 + v_13)) AND (0 <= (v_19 + v_1 + v_11 + v_2)) AND (0 <= (v_15 + v_1
+ v_9 + v_5)) AND (0 <= (v_16 + v_1 + v_7 + v_17)) AND (0 <= v_31) AND (0 <= v_
32) AND (0 < X_sOv2) AND (0 = (v_20 + v_24 + v_25)) AND (0 = (v_23 + v_26 + v_27
)) AND (0 = (v_9 + v_24 + v_25)) AND (0 = (v_11 + v_26 + v_27)) AND (0 = (v_18 +
v_1l + v_26 + v_28)) AND (0 = (v_16 + v_1 + v_26 + v_28)) AND (0 = (v_15 + v_1 +
v_26 + v_28)) AND (0 = (v_19 + v_1 + v_26 + v_28)) AND (0 = (v_29 + (4/3 * v_21
) + v_28)) AND (0 = (v_30 + (-1/3 * v_21) + (4/3 * v_22))) AND (0 = v_31) AND (O
= v_32) AND (0 = v_33) AND (0 = v_34) AND (0 <= (v_8 + v_1 + v_2 + v_7)) AND (O
<= (v_10 + v_1 + v_0 + v_9)) AND (0 <= v_35) AND (0 <= (v_11 + v_36)) AND (0 <=
v_37) AND (0 <= (v_9 + v_38)) AND (0 <= v_39) AND (0 <= v_40) AND (0 <= v_41) A

ND (0 <= v_42) AND (0 <= (v_12 + v_1 + v_43 + v_13)) AND (0 <= (v_14 + v_1 + v_1
1+ v_6))))

CVC3 predicate 1: (LET v_3 = X_sOv4[1],

v_l = (-1 % v_3),

v_4 = X_s0v4[2],

v_0 = ((1 * BIG_O(X_sOv2)) * X_sO0v2),
v_2 = X_s0v4[0]

IN ((0 = (v_0 + ((1 * rhox1(0)) * X_sOv2) + v_1 + v_2)) AND (0 = (v_O0 + ((1 * rh
ox1(X_s0v2)) * X_sOv2) + v_1 + v_2)) AND (0 = (v_0 + ((1 * rhox1((2 * X_s0v2)))
* X_s0v2) + v_3 + (-1 * v_4))) AND (0 = (v_O + ((1 * rhox1((3 * X_sOv2))) * X_s0
v2) + v_4 + (-1 * X_sO0v4[31)))))

CVC3 result 1: VALID
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